L AD-A150 235 THE EFFECTS OF INTERNRL WAVES ON ACOUSTIC NORMAL MOD
> TEXAS UNIY AT RUSTIN APPLIED RESEARCH LABS
H C PENLAND DEC 84 ARL-TR-84-14 NOG9914-80-C 0498
UNCLASSIFIED G 20/1




1.8
=
—

EE
HEEE]

E EEEEEPETE

]

|00
————
———
e ———
—————
———

I
fl

I

i

|-4
P
——
|
e
—

I

125

I

MICROCOPY RESOLUTION TEST CHART

NATIONAL BUREAU OF STANDARDS -1963-A




ARL-TR-84-14

AD-A150 235

/,

Copy No. _[L.

THE EFFECTS OF INTERNAL WAVES ON

ACOUSTIC NORMAL MODES

M. Cecile Penland

APPLIED RESEARCH LABORATORIES
THE UNIVERSITY OF TEXAS AT AUSTIN
POST OFFICE BOX 8029, AUSTIN, TEXAS 78713-8029

December 1984

Technical Report

APPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED.

Prepared for:

OFFICE OF NAVAL RESEARCH
DEPARTMENT OF THE NAVY
ARLINGTON, VA 22217

DTIC

SR ELECTEm

%&FEBi 4985:-'-,‘_ i
€A

’

2

.




NCLASSIFIED S

SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

READ INSTRUCTIONS
| REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
1. REPORT NUMBER 2. GOVT ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER
4. TITLE (and Subtitle) S TvyPE OF REPORY & PERIOD COVERED - ‘.W T

THE EFFECTS OF INTERNAL WAVES ON ACOUSTIC NORMAL | technical report

MODES 6. PERFORMING ORG. REPORT NUMBER
ARL-TR-84-14
7. AUTHQR(s) 8. CONTRACT OR GRANTY NUMBER(s)
M. Cecile Penland NO0014-80-C-0490
9 PERFORMING ORGANIZATION NAME AND ADDRESS 10. ::gﬁﬂ.A=°ERLKE:S‘NTT,NPJ:‘OGJEE'(‘ZST, TASK
Applied Research Laboratories
The University of Texas at Austin Task 19 .
Austin, Texas 78713-8029 ®
1 COP{TROLLING OFFICE NAME AND ADDRESS 12, REPORT DATE L.
Office of Naval Research December 1984 s
Department of the Navy 73 NUMBER OF PAGES e
Arlington, Virginia 22217 146
T4. MONITORING AGENCY NAME & ADDRESS(I! dilferent from Controlling Office) | 18. SECURITY CLASS. (of this teport) . T b
UNCLASSIFIED -
1Se. DECLASSIFICATION DOWNGRADING T :;:'i -
SCHEOULE
16. DISTRIBUTION STATEMENT (of thie Report) :::_ ) '.:
Approved for public release; distribution unlimited. T

7. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, If different {rom Report)

18. SUPPLEMENTARY NOTES

19 KEY WOROS Continue on reverse aide i/ necessary and Identily by block number)

e ot
20 ABSTRACT /Continue on reverse side |f necesaary and identily by block number)

« -4 *In describing the effects of internal waves on acoustic normal modes excited by
a time-harmonic point source, all previous descriptions have neglected the
existence of azimuthal fluctuations in the acoustic field. This study compares
this azimuthally symmetric case with the case where azimuthal fluctuations in
the acoustic field are taken into account. Although azimuthal variations
enhance the randomization of interference effects so that different depth modes

decorrelate more quickly in range, this enhancement is generally small. This - |,

DD ‘:2:";’ 1473, - ECITION OF ) NOV 65 1S OBSOLETE UNCLASSIF'ED ! | )

SECURITY CLASSIFICATION OF TWiS PAGE(When Dete Entered)

- - D . « T et AT et st » . » - . - - . * >~ - - N
Tt T T e T e e et Lt e, T, A R VR T L R D S S R . B, LRI | CERE)
L IR I L S SPRL I N LI A A o % N LIV P TP T N PR IR L S S T e e ) VR T L TR W AR A ) %,
. KR NN RO . S e T N YT N T A T NN ., DR
. PR NS A A -




-1

vt

A

\-“."-’.

B & %

UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Dale Entered)

g;ont'd)

cfw-mean energy flux vector <j> becomes radial at long ranges; the vertical
components of <j> decay somewhat more quickly with range when azimuthal
fluctuations are considered than when they are neglected. ~f{ -~

_UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Deta Entered)

e e et A e e e L W e T et T e e e e e e e et e et e e e e e o, RO
ST SR R S R N R Ll A A S TR SRR .~..- KRR R R ~.- -.\ '\‘._\.._._..._.,._
s y 5




TABLE OF CONTENTS T

C e st o4 D

Lioooatton o ]

LIST OF TABLES v

LIST OF FIGURES v ]
CHAPTER 1 1 S
CHAPTER 2 9 T e 'j
CHAPTER 3 22 |
CHAPTER 4 "

CHAPTER 5 47

CHAPTER 6 65

CHAPTER 7 82

CHAPTER 8 90

APPENDIX A 99

APPENDIX B 103

APPENDIX C 107

APPENDIX D m U
APPENDIX E 19 LT
APPENDIX F 122 e
APPENDIX G 125 ;
APPENDIX H R 130 S
REFERENCES LT 2 133 oj

- Ce et e ———
. ~ PR

et tetian/
Ltk ry Cgdas g.,...\‘ :

. on T \
Ave . an Jor oy

‘e




LIST OF TABLES

Calculation of a,

Coefficients used in Derivation of Munk Profile

LIST OF FIGURES

Diagram for the Simultaneous Solution of the
Simultaneous Equations (2.20) and (2.21)

Diagnostic Diagram for the General Case of an

Ocean of Constant Depth and Constant N, T', ¢

The Vaisala (or Buoyancy) Frequency N(z)

The Wave Number Vector, Group Velocity and

Hodograph of the Particle Velocity

Power Spectrum of Vertical Displacement of an Isotherm
Graph of Energy Density versus Frequency

Displacement Autospectrum versus Frequency

Contour for Calculation in Appendix H




LR e

e e

b

Chapter 1

Everyone who has seen the ocean has watched the waves on its
surface rise and fall. A gravitational restoring force acts on the
vertically displaced water resulting in this near-harmonic motion. In
the same manner, gravitational waves can be excited within the ocean's
fluid volume wherever there is any change in mass density, either
continuous or abrupt.

The spatial and temporal scales associated with this
"internal® gravity wave motion are much different from those
associated with particle motion caused by sound. Typical vertical
displacements due to internal waves are 10-50 m while horizontal
displacements are about 1 km and periods of oscillation run typically
from about 20 minutes to 12 hours.1 Particle displacements due to
sound propagation in the ocean are dependent on the source strength,
of course, but are generally on the order of Angstroms or microns
while the period of a 100 Hz acoustic signal is five orders of
magnitude smaller than the shortest internal wave periods! The effect
of the internal wave motion is to move huge quantities of water very
slowly, thus rearranging somewhat the sound speed field through which

acoustic waves must travel.
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What, then, is the cumulative effect of these sound sreed
fluctuations on the acoustic field? The quest for the answer to this
question really began in 1972 when Garrett and Munk2 introduced a
model describing the statistical properties of the sound speed fluctu-
ations due to internal waves. This model was improved and refined by
subseauent theoretical and experimental work; for 2 sumjary 5F tnic
work, the reader is referred to Vol. 80 (1975) of the Journa: ot
Geophysical Research, which has been described by Briscoe3 as a kind
of birthday party to celebrate the field's growing up.

Armed with a statistical description of the medium, a group
of scientists (the "JASON" group) employed Feynman path-integral tech-
niques to describe propagation of acoustic rays through the internal
wave field. A detailed exposition of this work has been published in
monograph4 and a summary has been presented by Flatté.5

The JASON theory is actually two theories; one is valid in
the region of very weak sound speed fluctuations and "“short" (~104 m)
ranges (the "unsaturated" region) and the other is valid in the region

6 m) ranges (the “"satura-

of stronger fluctuations or much longer (~10
ted" region). Consider acoustic propagation through a deterministic
environment; sound travels from source to receiver along a set of
eigenrays. Now turn on the fluctuations. In the unsaturated region,
each of these equilibrium rays is still dominant although each of

these rays and its associated ray tube is perturbed by the random

sound speed inhomogeneities. In the saturated region, each ray has




been split into many "microrays" created by the fluctuations and
separated by more than a vertical correlation length. The path-
integral techniques describe acoustic propagation in each of these
asymptotic regions; they are not expected to apply in the intermediate
region where each ray has begun to split into microrays but these
microrays are still correlated. Some corrections to the asymptotic
theories have been made but the region of validity is not complete.

Experiment seems to validate most of the predictions of the
JASON work in the regions where the theory is expected to apply.
However, our undefstanding of the problem is still incomplete. As
mentioned above, the behavior of the acoustic field at intermediate
ranges is not totally understood. The path-integral techniques are
invalid near caustics. Also, anisotropy and inhomogeneity in the sound
speed fluctuations cause the Markov approximation used in the theory
to break down at some lower limit on acoustic frequency. Although
measures of this breakdown frequency (generally around 100 Hz) are
available, the question remains as to what significant effect, if any,
the internal waves can have on the acoustic field at very low acoustic
frequencies.

The problem of low frequency (v < 100 Hz) acoustic
propagation is particularly important since measurements of volume
absorption in the oceanic waveguide typically involve precisely this
type of transmission over ranges of many hundreds of kilometers,

The need for a low frequency theory of acoustic propagation

6-8

through an internal wave field led some researchers to con-
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sider the effects of random sound speed inhomogeneities on acoustic
normal modes. Certainly there are serious computational disadvantages
to a normal mode description in the deep ocean; however, such a
description is not only valid at low frequencies but also is free of
the problems of caustics and the difficulties connected with the
boundary between the saturated and unsaturated regions described
above. In addition, normal modes offer a framework to describe energy
transfer into the ocean bottom while the ray theory considered by the
JASON work does not allow this bottom interaction. Hence, hoping to
enhance the results already obtained through path-integral tech-
niques, we turn to the stochastic differential equations describing
acoustic normal mode propagation in a random environment.

The field of stochastic differential equations is a
relatively new realm in mathematics; only 15 of the 81 references in

Arnold’s book,9 Stochastic Differential Equations: Theory and

Applications, were published before 1960. Therefore, it has often
been necessary for physicists to knead their problems into somewhat
different forms, with varying degrees of physical justifiability, in
order to make progress using a recently developed mathematical
arsenal. Specifically, the theory of stochastic partial differential
equations is not well developed; true artistry is often necessary to
reduce a physical problem to one dimension.

The problem of an acoustic wave propagation through an
internal wave field is a prime example of an unsavory state of

affairs. The fact that we may consider the sound speed field "frozen"
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in time with respect to the acoustic field eliminates the temporal
coordinate, but there are three spatial coordinates to contend with.
The sound speed fluctuations are stationary in the horizontal plane
but nonstationary in depth so that homogeneity cannot be invoked to
reduce the dimensionality of the problems. Also, the fact that the
horizontal correlation distance of the sound speed fluctuations is
about 10 km while the acoustic wavelength is on the order of meters
leads one to believe that the system may not be Markov!

In order to gain some knowledge of the system, Kohler and

Papam'co]aou8

simplified the problem considerably by investigating
acoustic :ormal mode propagation of a single tone through a
cylindrically symmetric sound speed field. That is, the ocean sound
speed knows where the sound source has been deployed in order to rise
and fall symmetrically around it. The sound speed field was also
assumed to be stationary in range. In this work, Kohler and

8

Papanicolaou™ laid the groundwork for the present study. They

10 in order

employed a theory which they introduced three years earlier
to derive formal propagation equations, although they did not consider
a particular spectrum of sound speed fluctuations (if they had, they
might have found some trouble arising from reversing a limit and an
integral). The main contribution of their work was the introduction of
rigorous scaling techniques by which it is possible to approximate the

system by a Markov diffusion process (Appendix C) along with an

estimate of the error based on the "smallness parameter" ¢ which

characterizes the strength of the sound speed fluctuations.
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About the same time, Dozier and Tappert published two
landmark papers which considered the effects of internal waves on
time-harmonic acoustic normal modes. Using a nonrigorous perturbation
technique, they were able to corroborate the formal coupled mode
equations of Kohler and Papanicolaou. In addition, they found that
the scattering coefficients, independent of range, represented con-
tributions from the internal wave spectrum at a horizontal wave number
equal to the difference of two acoustic normal mode wave numbers.

In the course of their work, Dozier and Tappert choose a
direction of propagation and integrate the spectrum of the fluctu-
ations over the wave number transverse to that direction. They then
assume that this modified spectrum, with its corresponding sound speed
fluctuations, can be used with a cylindrically symmetric stochastic
Helmholtz equation to describe acoustic propagation. Although these
manipulations reduce the system to a soluble one-dimensional problem,
the attempt to localize a normal mode description is disturbing. In
consequence of this method any transverse fluctuations in the acoustic
field are eliminated not only on average but also for each realiza-
tion, even though the sound speed fluctuations themselves vary
randomly in azimuth.

Crucial to their derivation of the coupled mode equations is
the assumption of "random phases". That is, it is assumed that cor-

relations between different normal modes do not persist beyond a cor-

relation length of the sound speed fluctuations. It will be shown

°
R
N {
1
L] 4
RS
e
-. -

1
RS
e et
L4 )
°

!
°




- "._.f__
vi;i

in the present study that when azimuthal fluctuations in the acoustic a
field are artificially prohibited but random phases are not assumed,
significant correlation between different depth modes can persist for :;;7:f
many (< 25) correlation lengths, but that the form of the coupled
mode equations obtained by Dozier and Tappert is nevertheless re-
covered. In addition, we use the full two-dimensional spectrum of - o
sound speed fluctuations with the result that the scattering coef-
ficients represent contributions from the internal wave spectrum at a
horizontal vector wave number having a component in the radial direc- j °
tion equal to the difference of two acoustic normal mode wave numbers. -
The average energy flux is found to be radial at long ranges.

Nevertheless, in spite of the various simplifications and -.,.._
assumptions, the Dozier-Tappert work is important in that it was the
first to consider the effects of an internal wave field on acoustic ?‘if,
normal modes and to offer the concept of resonance scattering in the ;i; -
context of acoustic propagation.

A major consideration of this dissertation is the effect of
azimuthal fluctuations on the average energy flux. For each realiza- ®
tion, the random depth mode amplitudes are functions of range and ~
azimuth. Each mode amplitude is expressed in terms of a set of
azimuthal modes in order to reduce the system to one dimension. Using : °

10 the system is

the scaling techniques of Papanicolaou and Kohler,
approximated by a Markov diffusion process and moments of the random

mode amplitudes are calculated using the corresponding Fokker-Planck 1;f:
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equation. The random acoustic pressure js shown to be stationary in
the horizontal plane for an azimuthally symmetric source. The coupled
equations for the autocorrelation function of the mode amplitudes
derived by suppressing azimuthal acoustic fluctuations are still valid
as long as each range function is interpreted as a sum over all the
azimuthal modes. The correlation between different modes, however,
decreases with range somewhat more quickly than in the azimuthally
symmetric case. Again, the average energy flux becomes radial at long
ranges.

The order in which the material contained here is presented
is as follows. Chapter 2 reviews the thermodynamics of the ocean and
presents arguments for including all of the internal wave effects on
acoustic propagation in the equation of state. Chapter 3 discusses
models of the deterministic and random components for the sound speed
and the assumptions contained therein. Chapter 4 reviews determin-
istic acoustic normal mode theory and discusses the acoustic Poynting
vector. Chapter 5 investigates the effects of internal waves on an
(artificially) cylindrically symmetric acoustic field. Many of the
concepts which would be obscured in a more complex calculation are
presented here. Chapter 6 considers acoustic propagation through a
random internal wave field where now the effects of azimuthal fluctua-
tions in the acoustic field are taken into account. Chapter 7
presents numerical calculation of scattering coefficients for compar-
ison with the Dozier-Tappert results. Chapter 8 is a detailed summary

of the results.
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Chapter 2

Most discussions of acoustics, and underwater acoustics in
particular, begin with the wave equation for the acoustic pressure.
It is not clear that this is a legitimate procedure in the present
study since we consider two effects, the acoustic pressure and the
motion of the water due to gravity, or internal, waves, which may
interact. Of course, they do interact; otherwise, this dissertation
would have no point! However, if we can assume that the scales of
particle motion caused by the sound differ greatly from those caused
by internal waves, we may assume that internal waves affect sound
propagation only through the equation of state. We therefore begin
our discussion with the equations of motion for ocean water particles
due to the combined sound and internal wave fields. Much of the
following thermodynamic description follows Eckart.u’12

Seawater is here treated as a solution of a single compound
in pure water. The internal energy ¢ as a function of specific
volume v, entropy n, and salinity S can be used to calculate the

pressure p, absolute temperature T, and chemical potential n; i.e.,




pS

L
Small increments of these quantities are, then, .o
sp XY K sy L
®
ST = -Y z L in . (2.2)
Su KL M 85 ‘
®
Some elements of the square matrix in Eq. (2.2) are related
to familiar response functions: ..
X = oic?
_ 9‘ _ ;-—--
Y =2 (v 1) »
7= T/CVS ) (2.3)
where e
!:ff —'1
o =1/v = mass density,
. )
c2 = (%E) defines the sound speed, -
P /s R
C,c = specific heat at constant volume and salinity, A
CpS = specific heat at constant pressure and salinity, ,V
Y = CDS/CVS’ and ._._-.
. _ 1 (30} . .. ; .
a 5 <§T) coefficient of thermal expansion. o




The other elements are related to the various heats of diffusion:

_ofam\ . L.
Hyy = 'T(Eg)w = - 77 Gt - (2.4)

It is convenient to introduce here the coefficient of saline

contraction b = 1 (3 and to note that
p \aS Tp

= b) (- 2.5
HTp HTv * cvS(a) (v-1) : (2.5)
The hydrodynamic equations appropriate to an ocean are

Du
opgte(fxu) +Vp-pg=vpA+F , (2.6a)

........




L D/Dt = 3/5t+u-V = total time, or convective, derivative,
u = particle velocity,
g = gk, the gravitational acceleration,
f = twice the earth's angular velocity of rotation,
A = stress tensor of molecular viscosity (for an explicit
definition see Refs. 12 and 13), ~‘
F = result of all other forces such as, for example, an
oscillating piston,
G = the heat generated by irreversible processes, :.
h = heat flux, and s
s = salinity flux.
Note that k points vertically downward. .
- If we assume that the particle motion is small, we may B
linearize these equations by writing each quantity as a sum of its
. time-dependent and its static values. Static values will be :‘."‘—:
subscripted with zeroes; time-dependent quantities will be subscripted e
with ones. Therefore, P=P,tPs Y=Yy, F=F,, o=oo+o], etc.
Equations (2.6) are ranked in successive approximations, the zero- ®
- order set being the case when no time-dependent quantities are '
considered, the first-order set where products of zero- and first-
! order quantities are considered but not products of first-order .
g quantities, and so on. Relations between zero-order quantities may
be exploited in the first-order equations, thus preserving the ranking S
of the approximation. _‘ .
8 12 T
p 9 .
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In order to obtain the zero-order relations, we neglect A
and all time derivatives. We assume that S does not vary with

latitude; thus, all zero-order quantities depend only on depth. Thus

VP, = Pol (2.7) ®
op ap an EN ;
_0 .2 _ 9o 0 o] - 4
5z - Co 9z Yoz t Ko 3z (2.8) e
Combining these, we define
3 d 3 S
203y = of L 0 g\ "o 0 - 1
N(Z)-‘-‘(oo 72 z-) —97<YOTZ"+K0'§'2_ ]
c p C SR
0 00 R
oT an HD v. oS n-—».-«-an
= - <—2) 0, 00 0 (2.9)
9z NoSo 9z T 3z e :,:_
RS
The quantity N(z), called the Brunt-Vaisald or buoyancy ;i%;;;ﬁ
=T
frequency, has an important physical meaning. Consider a small mass AOTIREA
of fluid displaced adiabatically a small vertical distance from its fi:.~3$
zero-order position and then allowed to move freely. The fluid o

element will oscillate about its original position with frequency N,

provided that N is real. I[f N2 is negative, the fluid motion is
unstable; a slight perturbation will cause wide departures from the
fluid element's original position.14‘16

It is very useful to consider the concept of a "potential

gradient"; that is, the measured gradient minus what the gradient




would be in a static, isohaline, isentropic ocean. These gradients

sﬁ will be subscripted with P. For example,

- \ )

b p p
' %(‘af*) ke (2.1)
_ 0 p Fo cq

Thus, it is the potential density gradient which determines the

ocean's static stability, i.e.,

]
N2(z) = 59-(;29) , (2.11)
0 p

Similarly

(BTO) BTO BTO BTO
az/ ~ 3z " \az ) s 9z —L5 (-1 - (2.02)
P N9%0 %%

The first-order linearized hydrodynamic equations are

du,
Po "a'tl* Vpy + o fxup = VA E 4 0g ) (2.13a)

....................................................................................
B B A ) et B T T Y T R N T I AT
............................
........................................

.....



n with appropriate boundary conditions. In many cases, it is more

convenient to employ the following form of Eqs. (2.13):

LY

3T+ S [v+rk]p + N2(z)kW + FxU = g, (2.14a)
P A

% tc, [V-I‘k]-y_ =g s (2.14b)

g_bé -kys—34— ¢ , (2.14c)

where CQN (2)
= 1/2 _ -1/2
U = u,(p.c,) , P = py(oyc,) .
H

aT p.v

2 - Vg( o) 00

N"(z)W = (ogc,) Y <“1 * T, S]) ’

0”0

1/2
Z=(i> (V'A+E) ’

)
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Boundary conditions are now

neU = 0 (2.15a)

on rigid surfaces and
P 9. 2.15b
3t ¢ k- (2.15b)

at the surface of the ocean. We see that when g; =0, w(ooc0 )'1/2 is
simply the vertical displacement of the fluid particle.

If we consider a region of the ocean far from heat and
pressure sources, we may take ;? and 92 in Eqs. (2.14-2.15) to be
zero. Then, the solutions of these equations may be time harmonic;
time derivatives are replaced by the factor -iw, where w is the
angular frequency. Actually, a general limited solution to these
equations as they stand will be a superposition of these time harmonic
solutions of the free equations.

It should be remembered that P, W, and U are first-order
quantities; T and N are zero-order quantities. Therefore, to first
order, it seems that the hydrodynamic equations should decouple into a
set describing only the internal waves and another set describing the
acoustic propagation.

To support this assertion, we consider an instructively 'g .

simple situation where S, Cos and N are constant everywhere and I' is

PPN ST ¢

zero. This situation is physically impossible for the ocean but not .

..|.
-




so bad for the atmosphere (which, of course, doesn't have salinity).
OQur source terms are also taken to be zero. We do not neglect
rotation, but we do specialize it by making our system a flat layer of
thickness H rotating about a vertical axis with angular velocity

f=-fk. The solutions to the field Egs. (2.14) are

P=FP(z) et (2.162)
W= FWy(z) e 10t . (2.16b)
where
2 2
3 3 2
—_ 4 +a JF =0 , (2]7)
ax2 g;i

(o is the separation constant) and

dpr,(2z)
¢, ;Z = (Hz_wz)w](z) , (2.18a)
L S (2.195)
c =\1 - 55— (z , 2.185
o dz w2 - g2

with boundary conditions -Pc0=gw at z=0, and W=0 at z=H. Then,

=
u

1 wo sin [@(z-H)] R (2.19a)

O
u

1= P, cos[S(z-H)] , (2.19b)

17
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where B, the vertical wave number, is related to frequency w and to

horizontal wave number o by

Bzcg(wz_fz) . (Nz_w2)<w2_f2_u26§) =0 . (2.20)

On the other hand, the free surface boundary condition gives

N2 - w2 = g8 tangH . (2.21)

A graph of the simultaneous solution to Egs. (2.20) and

(2.21)17 is shown in Fig. 1. Case A is N2<a2c§+f2; case B is
2.2 2.2 . . .
N>aq cotf".  In either case, each solution to Eq. (2.21) intersects

the solution to Eg. (2.20) twice, resulting in two sets of normal
modes for the system. The dispersion relation for these modes is

1 The gravitational (internal wave) modes are

shown in Fig. 2.
confined between the rotational and buoyancy frequencies whereas the
acoustic modes have frequencies much higher than N. For the sake of
clarity, the spacing of the acoustic modes has been greatly reduced
and the slopes of the other curves greatly increased in Fig. 2.

What happens in the ocean is this: internal waves move great
quantities of water up and down (and also back and forth, but this is
irrelevant to sound propagation) at velocities slow enough to essen-
tially maintain the static entropy and salinity gradients. The phase

velocities of these internal waves are sufficiently smaller than the

sound speed that this motion can be considered incompressible; the

18
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FIGURE 1

DIAGRAM FOR THE SIMULTANEOUS SOLUTION OF THE
SIMULTANEOUS EQUATIONS (2.20) AND (2.21).
HERE, X = (H)2, y = w?H/g, v = N?H/g, AND v, = f2H/g.
(FIGURE TAKEN FROM REF. 17).
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FIGURE 2

DIAGNOSTIC DIAGRAM FOR THE GENERAL CASE OF
AN OCEAN OF CONSTANT DEPTH AND CONSTANTN, [, c.
(FIGURE TAKEN FROM REF. 17).
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frequencies are so low as to make gravitation and the earth's rotation
important. Sound waves are transmitted along at velocities so high
that particles under the influence of internal waves seem “frozen".
The sound frequencies are so high that gravitation and Coriolis
effects affect sound only in the fact that the medium through which it
is propagating has been rearranged somewhat. Also, the heat and salt
contained in a volume of water displaced by a sound wave don't have
time to diffuse into the new environment before the volume element is
pushed back again. In the linear regime, sound is assumed to consist
strictly of compression waves.

The total particle motion is therefore the sum of rota-
tional, incompressible motion due to the internal waves and
irrotational, compressible motion due to sound. Each of these effects
is assumed to independently satisfy the linearized hydrodynamic equa-
tions; the effect of the internal waves upon the sound is manifested
through the equation of state. That is, the sound speed is considered
to possess a small perturbation due to the displacement of isodensity
surfaces by the internal waves.

We may now feel comfortable in deriving the acoustic wave
equation in the usual manner, secure in believing internal wave

effects to be contained in the sound speed, with the result

2 1 30D
7°p - = source terms. (2.22)
;2'——?
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Chapter 3

The ocean sound speed is a function of horizontal position

r, depth z, and time t. We take as our model

c(r,z,t) = c(z) + 8c(r,z,t) , (3.1)

where c(z) is the mean sound speed profile and sc(r,z,t) describes the
sound speed fluctuations due to internal waves. In general, c(z) will
vary with horizontal position and time. However, these changes are
usually very slow compared with the rate of variation in §c; c(z)
mainly depends on depth.

A. The Mean (Deterministic) Sound Speed Profile

The mean sound speed profile for the deep ocean is
characterized by a sound channel. Due to a negative temperature
gradient c(z) decreases as depth from the surface increases. This
effect is eventually balanced by the weight of the water and c(z)

reaches a minimum c_. at the channel axis depth z,- For z>2

o the

O’
sound speed increases with depth due to increasing pressure in the
nearly isothermal deep ocean.

Details of this picture vary from ocean to ocean (e.qg.,

18) .

Urick For example ¢, may be found very near the surface in cold

Arctic regions, resulting in a sound speed profile which essentially
incrzases throughout the entire water layer. Nearer the eguator, in

cloudy, windy environments, turbulent mixing may result in an

22
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isothermal layer just below the ocean surface. Within this layer, the

sound speed gradient vanishes twice, once near the surface at the base

of the "mixed layer" and again deep in-the ocean at depth Z- s

We need not consider these details for the study at hand.
We do require a model of Cc(z) which reasonably describes the sound
speed profile for much of the world's deep ocean environment and has ;
its basis in physical reality. Therefore, the "canonical" sound speed ; -_
profile derived by Munk19 is chosen. ::'i

Munk's derivation of the sound speed profile is reproduced %'.'
in Appendix A. Briefly, realistic assumed dependences on temperature T ‘:
and salinity by the sound speed are combined with an exponentially ::'i
decreasing stratification profile, which is "perhaps the mast ';i
intrinsic property of the abyssal oceans" (Fig. 3, Munk;19 also, ?Qz-iii
Refs. 2, 20-21). By "stratification" js meant only that the density ?f??fii
changes with depth. The word does not always imply layers but applies :;fm;;
to continuous density gradients as well. Although the assumption of :i”
exponential stratification is really invalid near the surface (see fffﬁ
references cited above; also Eckartzz) we follow Munk and everybody ;‘:
else in ignoring this. The fluid is statically stable when the )
buoyancy frequency

90 -9
0=/ (5] e o A

is real. 1In Eqg, (3.2), B is the scale depth of the stratification, g ‘:;:

30
is the acceleration due to gravity, and (7;§> is the potential
p

density gradient.
23
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The sound speed channel appears quite naturally at a depth

very near the scale depth of the buoyancy frequency. The analytical

expression for ¢(z) is
c(z) = ¢c(z.) exp[e(A're'AJ)] ,

0

where

and

(3.3)

(3.5)

The quantity Ya is the fractional sound velocity gradient in

an adiabatic isohaline ocean. For real oceans,

c(z) ~ co[1 + e(A+e'A-1)] ,

which is the well-known Munk (canonical) sound speed profile.

B. The Random Sound Speed Perturbation

The sound speed at position x (as measured in a three-
dimensional coordinate system) and time t is assumed to vary from
mean value ¢(z) by the slow advection of an jsodensity surface by

internal waves. The advection is slow enough to be quasistatic;

25
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therefore we may write the sound speed fluctuation at position x and

time t, Ei: )
ac el
sclx,t) = (—3;)p t(x,t) (3.7) “o
where ¢ is the vertical particle displacement due to internal waves.
Qur problem is now to describez . There are two popular ways of doing -.
this. One method is to make whatever assumptions are necessary to
make the hydrodynamic equations describing the internal wave field
tractable and use the resulting theoretical description. The second *.
is to take the description of the internal wave field directly from
the experimental results without explaining in detail the mechanisms
causing the internal wave motion. In the end, we shall choose the e
second approach, but it is worthwhile to consider the first. The e
usual approach is to assume that the hydrodynamic equations may be
linearized and to neglect shear coupling. The experimental evidence ;i;“';
concerning these assumptions will be discussed later. The linearized o
equations of motion are _ .€f
agi . _®
Po 3T + Oo(f_"y_-i) = - vDi + Q.iqk s
%3 +w, %P ;y..
3t el 0 , V’_lii =0 ’ (3.8) e
®
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where the subscript i denotes internal wave (as opposed to acoustic)

effects and where wi=i is the vertical component of Yis the particle
velocity due to the internal waves. Given Egs. (3.8), one can show, s

for N2>>92/c2,

a—i; (TPwy) + Nz(z)<vﬁwi>+ (£:9) %, = :

-Nng) igf%vizl'*'f.‘(vxo—;% ;>+£‘(£'V)!q' +%%(i’(_“_~i)'; ’ *. i
(3.9) . fi

2 _ (3% . 3P . S

where Yy = (g;g‘* g;g) (see Appendix B). At this point we must make :];jffj:

some approximations in order to make this equation tractable. The

"traditional approximation", so called by Eckart23 because all o

previous treatments of the problem agreed to make it, consists of fi:}%*j

neglecting products of Wi and fH’ the horizontal component of f. This ﬁ.ﬂ;Aifj

approximation is often justifiable. However, as Eckart points out, S ?

neglect of this term without also neglecting similar products of fH _; ?ﬁ 

and the other velocity components robs the equations of motion of

their self-adjointness. The nature of the field equations is thus

completely altered and radically different phenomena will be ;.'

described. Therefore, if wifH is to be neglected, so must the other

terms involving fH’ This is clearly invalid near the equator.

However, if we adopt the traditional approximation, ;7 '
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g [ 7 3z ¢ fz 9z J ) (3.10)
Plane wave solutions to Eq. (3.10) have the form

W= W(z) e (@ E et (3.11)

where (dropping the subscript on f)

2 2 2 2
W(z) , 2 [N (2) - 0 Jw(z) . quz_l%_ll . (3.12)

¥4 Q- - f

The right side of Eq. (3.12) may be neglected since the ratio of the

first to the second derivative of W(z) is no larger than the depth of

24

the ocean and

2
'—‘—gﬁ—zl H< 5107 (3.13)

The quantity W(z) is subject to boundary conditions at the

16

surface (z=0) and at the ocean floor (z=H). W(H) is generally

28




taken to be zero since the ocean floor is considered to be imperme-
able. Also, since the internal waves in the ocean produce only very
small vertical displacements of the free surface,25 W(0) is generally
taken to be zero, too.

Given the boundary conditions and a particular horizontal
wave number a, the solutions of Eq. (3.10) form a discrete set of
eigenfunctions, each corresponding to an eigenfrequency Qja' For real
a, these eigenfrequencies will lie in the interval f< 0 jaf max N(z).
A vertically displaced fluid element will oscillate vertically with
the buoyancy frequency N(z). If the displacement is not vertical, the
restoring force is less and the fluid element's motion will be
elliptical with a reduced frequency. At frequencies just slightly
higher than f, the particles will travel in nearly horizontal,
circular orbits, the velocity vector rotating anticyclonically
26)

(Fig. 4; for more detail see Munk1 and Phillips

For an exponentially decreasing buoyancy frequency

N(z)=NO e'Z/B, the solutions to Eq. (3.10) are exact,2 and given by
W.(a,z) =AM, (y) Ja(yw))vu
A y RAGRLY y , 3.14
J a Y (vTH ) a ( )
where
1/2
- -’ﬁ_(q? -f2> : (3.15)
a. ja
ja
y(z) = == Nz) . (3.16)
Ja
29
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N is a normalization constant and Ja’Ya are Bessel functions of the
first and second kind. The eigenfrequencies Qja are determined by
the upper boundary condition Nj(a,z)=0 at z=0.

Now we may represent the vertical displacement of an

isodensity surface by a superposition of internal wave modes,27
i({aer-0. t)
C(Z_’t) =ZI dQGJ(g)wJ(asz) e Ja » (3']7)
J
where the quantities Gj(g) are complex Gaussian random variables
satisfying
<GJ(E)> =0
*
<G. 0 ! > = . - ' 22 - .
J(g,)GJ (a") Pila)é(a-a 1845 (3.18)

Before discussing the form of the spectrum Pj(g), it is
necessary to say a few words about the above analysis. The derivation
of Eq. (3.9) neglects several non-negligible effects: forcing, shear

28-29 1t is doubtful that well-

dissipation, nonlinear coupling.
defined internal wave modes, other than perhaps the gravest mode, wil)
have time to establish themselves since vertical propagation times of
the wave field are comparable to typical interaction times. This

suggests that it might be better to replace the discrete sum in

Eq. (3.17) by an integral over a continuous frequency range.

31




0bservations30'32 tend to support this latter notion; propagating
waves dominate at low frequencies, standing modes may dominate at the
highest frequencies (j~1),and both descriptions are adequate in
between. We therefore choose the second method to describe the
internal wave field, specifically the statistical description of Z,
relying heavily on experimental work which will be referenced as we go
along. 1In this latter description, one assumes a random state with a
continuum of energy in frequency/wave number space. Here, a
difficulty arises in describing the spectrum since the medium is not
depth homogeneous. Nevertheless, the quantity

2(5) - 2\"°

B = a| = 3.19)
Z . {2 (

can be considered a Tocal vertical wave number, in the WKBJ sense.
Thus, for Q<N(z), we can use Eq. (3.15) as the frequency/wave number
dispersion relation.

The continuum description used here was introduced by Garrett

2,33 32,34,35

and Munk, modified by experiment, and streamlined by the

analytical work of Desaubies.36
Any function of two {(three-dimensional) positions x=(r,z)

and x'=(r',z) relative to some fixed coordinate system can be written

in terms of their average position (5'+5)/2 and their difference in

position Ax=(x-x'). The covariance <g(r,z)5(r',z')> will depend on

the average position only through the average vertical position

32




n=(z+z')/2 (Ref. 37). Thus, if (®,8) is the wave number vector

conjugate to (r-r', ?)’ where 2 ={z-2'|, we may write

z{r,2)c(r',2') > —J dSJdaF a,Rin)cos 82 e'd o (r-r’ ), (3.20)

where Fg(a,s;n) is normalized such that

fdﬁdBFc(g,B;n) = <C2(1-5',n)> = <in)> . (3.21)

If Fc(a,B;n) depends on the horizontal wave number - only
through its magnitude (that is, if the medium is statistically

isotropic in the horizontal plane), we introduce

Pc(a,B;n) = ZﬂaFC(g_,B;n) (3.22)
such that
e} o 2TT Y el 2
f dsf daPr(a,B;n)=f def dBJ dooeF (a,83n) = <z7(n)>.
ol o ’ 0 o) o :
(3.23)

If x=(r,0,z) d x'=(r',@',z') are two positions in some
fixed (cylindrical) coordinate system, we may write Eq. (3.20) in what

will prove to be a more convenient form:

w [5'e3 2.rT
) t T -
<z(r,z)z(r',z2')> = Ff d:J dufo dﬂ,P,‘(‘x,?:n)cos fa
(8] Al

xeim[rcos(w-“)-"'cos(“""3)] ) (3.24)
33
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Finally, we may transform from (o,B) space to (a,() space
by use of the dispersion relation (3.19):
. - 9
PC(Q»Q,H) = Pc(a,B(u,Q);n) 5%-= NA(2)0(Q) (3.25)

where, according to the references cited above Eq. (3.20),

o}

Ala) = _TT:L'TT , (3.252)
ot Qg
2 2.1/2
oy = A=) (3.25b)
B Q3
and
2 2
N= =<t (n)> (3.25¢)
ensure that
N(n) o 2
dQJ~ daP(a,23n) = <g°(n)> (3.26)
£ 0

to order f/N(n). In most cases of interest, min N(n)>>f. The quantity

q*=t(i2-f2)l/2 is a number characteristic of the bandwidth; t is an

experimentally determined constant on the order of 10'3 - 10’4 h/m.
The model presented in Egs. (3.25) depends essentially on a

WKBJ approximate solution to Eg. (3.12) and is therefore not very good

34
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T for frequencies near N(n) (Fig. 5; taken from Ref. 35). In

particular, the spectrum shows a pronounced hump just below the

buoyancy frequency, followed by a sharp cutoff.

This hump is also found in the internal wave experiment
{IWEX) data32’34 and in previous measurements by Voorhis38 and
Gou’nd.39 Vertically propagating waves with frequency & are reflected
at the turning depth (where 2= N(z)); each of these wavefunctions has
therefore an inflection point at that depth. Waves which
destructively interfere in shallower water are therefore locked in
phase near the turnirg depth.40 A Langer method of treating the

internal wave fie]d40’41

has been shown to describe the observed

frequency spectrum very well (Fig. 6). However, most of the energy .- s

in the internal waves is contained in frequencies near f (Eq. 3.24b

has a sharp peak at Q=f/€?§). Thus the simpler WKBJ description is

adequate for our purposes. PO
The description is not yet complete; we still have to

2

specify < :Z(n):>. Garrett and Munk® took the WKBJ solution to

Eq. (3.14) and "depth averaged over many wiggles" to find that, to

some approximation, < ;Z(n)>>mN'l

{(n). Whether or not this was a
legitimate procedure, the observations support this result. When the
autospectra were measured at different depths (data taken in IWEX) and
the "WKBJ normalized", i.e., multiplied by N(z)/N(zr) where 2. s a

reference depth, the variation in the snectral levels were reduced to

35
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some 10%32’34 (Fig. 7) except near the buoyancy frequency, where the
WKBJ approximation breaks down. Again, we ignore the region of
invalidity.

Our model of the sound speed fluctuations is now finished.
Relating these sound speed fluctuations to the displacement

correlations gives

<sc(r,@,z)éc(r',@',z')> _ 4(&
S(z)e(z") ™ 9)

Nin) — po o 2 .2,172
* (Q°-f%)
jf dQ_LC da (oa2+a£) 3 cos{ag X(n))

/2 .
JrTr de[§1a[rcos(¢-e)-r'cos¢p-_e)] + eia[rcos@o+e)-r'cos(¢'+9)]]
o
(3.27)

where we have used the fact that the integrand is even in o and where

X(Q) = __Nz ! QZ Ve

Q) = s 3.28
o - f? (3.282)
5 N

sty g

For completeness, we also give the spectrum in (3,2) space:
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Chapter 4

In this chapter we review normal mode theory for a horizon-
tally stratified, deterministic ocean. In particular, we consider a
single water layer of depth H overlying a fluid half-space of constant
compressional velocity Cps which will be larger than the sound speed
minimum Co- In the following analysis we consider a time-harmonic
source. It is therefore more convenient to describe sound propagation
by means of a velocity potential y(r,z) such that the particle
velocity u due to the acoustic wave is

u= i) et (4.1)

In this formalism, the acoustic pressure p is simply related to v by

D = iwpy e Tut , (4.2)

where © is the mass density of the medium. Changes in density with
depth are closely related to changes in the sound speed, as we have
seen, OQOver the depth of the ocean, the sound speed and density change
very little compared with changes in . Thus, we may write (from

Eq. (2.22)) a wave equation for o,

41




-iwt
where Q(r’Z)ETZS_ represents the source terms which are the right side

of Eq. (2.22). The simple source we shall consider is the time-

harmonic point source

Qr,z) = -4mQ 8(x-x,) ) (4.4)

where Xy is the position of the source. We shall choose our coordi-
nate system such that 505(g,20); the water-air interface is at z=0.
In the deterministic medium chosen here, c varies only with

depth so that

That is, there is no azimuthal dependence and ¥ separates into a

product of functions which satisfy ordinary diiferential equations.

In particular

2 2
d—%"l‘ (—U—Z—-kz(:):O ’ (4-6)
dz c

where k is the separation constant.

The boundary condition that the normal component of stress
be continuous across an interface implies that 29 is continuous across
such an interface and, since u, must also be continuous across an

interface, so is %%. Since the mass density of air is much smaller
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than that of water, we may set ¢(0)=0. Finally, only downgoing waves

are permitted as z-w,

If k is greater thané?-, we have a family of mode functions
P
which exponentially decay as z+w. These modes correspond to waveguide

phenomena in which energy is trapped by total ref]ection.42 For k> gi,

p
the eigenvalue spectrum is discretely indexed43 and, if there are M
discrete eigenvalues,
Lok, >k, > ke > ky > 2
¢, 1 2 i7 M (4.7)

The eigenfunction ¢i(z) corresponding to the ith discrete eigen-
value will have i zeroes in the depth interval [0,H).

For k<%t , the spectrum of k is continuous. The modes
corresponding to this continuous spectrum are generally neglected
because they are attenuated much more rapidly than the discrete modes,
due to both the geometric spreading and the volume absorption which is
generally smaller in the water layer than in any underlying layers.

It is a simple matter to show that the discrete eigenfunctions ¢n

44

are orthogonal. We have also normalized them so that

dzpe ¢ = § s (4.83)
o n'm nm

[dzo©(k)¢(k') - s(k-k') (4.8b)
0




f dzpe o(k) = 0 . (4.8¢c)
(o]

Turning to the range functions, we find upon imposing a

Sommerfeld condition that
Fir) o« W (ke (4.9)

where Hg])(kr) is a zeroth-order Hankel function of the first kind.

Thus

M
birz) = mQgp(zg)] Y 6 (216, (2! (kyr)
n=1

w/c
*Jﬂ P aks(z.K)0(z M D (kr) |+ (4:70)
0

(For more detail see Ref. 45). From now on we follow established
practice in dropping the continuous contribution.

The normalization (Eq. 4.8) has a very specific physical
meaning. Suppose we have an arrangement of sources such that only one
of the discrete normal modes, say the nth mode, and none of the others

is excited. Then, the acoustic Poynting vector is given by46




(z,) [¢,,<2>H§,”<k,,r> (700, (2D (k1)

0

- V(ﬁn(z)Hé])(knr))¢n(Z)H(()Z)(knr)] . (4.11)

The integral of j over depth will give the amount of

intensity passing through a line at horizontal position r.

o''nto

f dzj = # T Q20 (z,)6%(z ’“’J dzo(z)05(z) . (4.12)
0

For this cylindrically symmetric case, the intensity passing

through a cylinder of radius r is thus

1= 2nfQ2e%(z, )68z )wJ dzo(z)el(z) . (4.13)
o]

0

If we define range functions

8,(r) = i1 0(z)e (2 ik vy, (4.14)

then the velocity potential due to a point source is

b= z Bp(r)e,(2) (4.15)




and the acoustic Poynting vector is

= Bz ey si(z)o(2)6i(2)
n
. e B (\)\ . /dB")
+ 1%9»22 r¢n(2)¢m(2)[§n(r) (—J§;——)- Bér)(Tﬁ? j]
n,m .

d@%)

+ 29, (2) o7 [Bn(r)Bm(r) - B:(r)Bér)] : (4.16)

The first term on the right hand side of Eq. (4.16) is the
sum of the intensities of the individual modes had each been excited
by itself; this term may therefore be called a "self" energy term.

The restricted sum represents the intermodal interference and is truly
an interaction term. Note that the self-energy term travels in a
purely radial direction; the intermodal interference is thus solely

and explicitly responsible for the bending of ray paths in the ocean.
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Chapter 5

Although the spectral density of the sound speed fluctu-
ations depends only on the magnitude of the horizontal wave number,
and not on its direction (Eq. 3.25), there will certainly be random
azimuthal fluctuations in the sound speed. These fluctuations will in
turn manifest themselves through azimuthal variations in the acoustic
pressure,

Previous studies in acoustic normal mode theoryﬁ'8 have
neglected this azimuthal variation in the acoustic field. Kohler and
Papam‘colaou8 did not specifically consider internal waves as the
perturbation mechanism; they simply assumed a priori that the sound
speed fluctuations did not depend on azimuth. Dozier and Tappert,6
who used the theoretically derived description of z(x,t)(Eq. 3.17),
integrated the spectral density of the sound speed fluctuations along
the direction perpendicular to the line connecting the acoustic point
source and the receiver. Therefore, the function they employed as the
spectrum is actually a spectral density of wave number components in
the direction of propagation. By then approximating the function
wj(a,z) in Eq. (3.17) by wj(al,z), where oy is the component of a in
the direction of propagation, all vector dependence by % on horizontal
position is replaced by a scalar dependence on range. Let an be the

component of o perpendicular to a.. The justification for the

1
replacement of wj(a,z) by wj(al,z) is that "this is a good

approximation for small a, and for large Ay (and hence large a) the
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spectrum will be low anyway." The key words here are *small" and
“large" since they immediately raise the question of comparison.
Clearly the comparison is between ay and PY this approximation is
good for a, “small" compared with Gy, SO we would expect the
approximation to be invalid near the peak of the spectrum for *y and
a, both small and about the same size. Thus large errors in the
description of the acoustic field may or may not result.

The most disturbing effect of this assumption is to preclude
scattering of energy among the azimuthal acoustic modes; the energy is
constrained to remain in the azimuthally symmetric mode. It is the
purpose of this chapter to discuss this case but without making any
assumptions about the relative sizes of a4y and Ay That is, we allow
azimuthal fluctuations in the sound speed but assume that azimuthal
coupling in the acoustic field may be neglected. We will thus employ
the continuum description of the internal wave field discussed in
Chapter 3. In addition, we do not make the “random phase approxima-
tion"; different depth modes may indeed be correlated. We do not
expect drastic departures from the results obtained by Dozier and
Tappert6 for this case where we have artificially prohibited azimuthal
coupling. Still, this simpler case is useful in examining many of the
physical phenomena, which may be somewhat obscured by the added
complexity of the azimuthal coupling, and in introducing the method of
analysis which will also be employed later when we do not ignore this

azimuthal coupling.
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A. The Coupied Mode Equations

substrate. The velocity poten

(cylindrical coordinates)

1 (. ‘
r ar

&_')Ax
ar 322

variables do not exactly separ

10 km)

shortest period of the interna

the deterministic sound speed

AN = —4TTQO(S(X-

tial ¥(r,z,t) due to

1 5%

c™ ot

ate.

-1
1 waves N0

acoustic field. We still have the range variations but since

profile ¢€(z):

and water allow us to take

.....................

............
.....

t,(0) = 0
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~ 20 minutes.

Consider a flat slab of seawater of thickness H overlying a

a time-harmonic

point source of angular frequency satisfies the scalar wave equation

) e-iwt (5.1)

Because the sound speed fluctuations vary with time and range,
However, sound can travel a
distance equal to the correlation range of the fluctuations (about

in travel times on the order of 5-10 sec, much less than the

The

internal wave field is thus considered "“frozen" with respect to the

8c

—|<< 1
C
z

(see Eg. 3.1) we can expand ¥ in terms of the normal modes ¢n( ) of

(5.2)

with the normalization (4.8a) and where the relative densities of air

by P W W 1

WO P Y




If the substrate is rigid,

do, (H)
.0 . (5.4)

If, on the other hand, the substrate is an isovelocity fluid with

sound speed ¢

P’
O » 2\l/2
¢>n(H) =N, 5= exp kn - E“—O—Z— (H-z) R (5.5)
W P

where/ﬂg is determined by the normalization, Dw is the water density
at z=H and o is the substrate density at z=H. We do not consider any
other boundary conditions in this study. Thus

M -iwt

W( ) st) = ‘( ’ ) -lut = B & ’ 5.6
r,z w(r,z) e ;i] n(r)@n(z) Y (5.6)

where the cylindrical spreading is made explicit.

By expanding our velocity potential in terms of discrete
normal modes, we neglect any continuous spectrum of modes. In the
riiid bottom and pressure release bottom cases, there are an infinite
number of discrete modes. Where real bottom cases are concerned, M is
finite and there also exists the continuous spectrum of modes without
which the normal mode set is not complete. The traditional assumption

that this continuous spectrum does not contribute greatly to the
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acoustic field is made here. Therefore, given that we know Bn(r) and
¢n(z), Eq. (5.6) may not be strictly true but it is certainly a good
approximation. A more important error incurred by this approximation
occurs in the calculation of Bn(r) since mode coupling into the
continuous spectrum, not considered here, may be an important loss

8 have advanced a formalism to

mechanism. Kohler and Papanicolaou
account for this coupling and an application of this formalism to
sound speed fluctuations caused by internal waves would be interesting
future work.

A1l of the randomness in the acoustic field can now be found

in the range functions. Since [§c|<«<T,

2
g)—%( Z—EE) . (5.7)

Employing the orthonormality of the depth functions, we find

2

d“B._(r) ) .
— D (kn ; ?)Bnm
2 ) Sclr,z)
- c ,
= 2w ;;.l; dzo(z)e (2) -%gz;;— oq(2)8B () . (5.8)

Now we need to choose initial conditions for the Bn(r). [f there were
no perturbations due to internal waves, the functions Bn(r) would be

the expression given by Eq. (4.14) multiplied by /r (see Eq. 5.6).
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The farfield form of the Hankel function is accurate within 4% for
knr>5 and the accuracy increases rapidly with argument. The
deviations from this functional form due to the internal waves is

definitely a long range effect; the correlation range of the internal

2,6,47

waves is about 10 km. [t is therefore convenient to separate

the ocean into two regions: a “"nearfield" and a "farfield". The

nearfield will consist of the region interior to a cylindrical

boundary centered at the source with radius ro = %ﬁ-(see Eq. 4.7).

Thus, even if ky ~ 1072 m'1, an order of magnitude smaller than any of

the eigenvalues we consider in this study, r_ is still only about 10%

0
of the correlation range of the fluctuations. Within this region, we
assume that B (r) is given by Eq. (4.14) multiplied by /.

In the farfield (r>r0), we neglect the 1/4r2 term since this

is less than 1% of kﬁ. Bn(r) will satisfy Eq. (5.8) with initial
condition
7 i(k r -m/8)
B, (ry) = i Eﬁoomown(z()) e "° . (5.9)

In terms of forward and backward traveling waves

) + Tkgr o ik
7= A, e tA e . (5.10)

n

B,(r) =

52
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The quantities A; and A; are complex random functions and we are
free to impose one relation between them. We choose : I;i R
- e
ik r dAT  -ik r dA
e " Do " Dl=0 . (5.11)
dr dr )
so that Eq. (5.8) becomes o
A’ H i(k -k _)r
n . 2 1 Sc + mn
= -iw dzp(2)¢ (z) == ¢ (2) [A. e
a Z «/k—kj @A -
nm-o
@
-i(k_+k_)r
+Ar'1e (n m . (5.12)
e .
We now make the traditional “forward scattering R

approximation" by assuming that the rapidly oscillating terms on the

right are statistically unimportant. Also called the "parabolic

approximation" because of the form of Egq. (5.12), this assumption
is equivalent to considering the small-angle scattering much more

Tikely than large vertical deflections. The evidence for this is

mainly experimenta1.48’49 At any rate, the size of (kn-km) is i.}.;
generally several orders of magnitude smaller than (kn+km). It will }i;5'
be shawn, consistent with the results of Dozier and Tappert6 and of ';
Kohler and Papanico]aou,8 that the effect of the argument in the el
exponential is to pick out from the internal wave field scatterers :?3;?
_70<
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whose horizontal vector wave numbers have a component the size of the
arguments of the exponentials in Eq. (5.12). Since the internal wave
spectrum is heavily weighted toward small horizontal wave numbers,
it is much easier to find scatterers with horizontal wave numbers on
the order of (kn-km) than those with horizontal wave number (kn+km).
We therefore ignore the backscattered wave and (dropping the plus

sign, consistent with A; being initially zero),

dA,
P iaz v A , (5.13)
m
where
2 H ik -k )r
Vo= =%l drn(2)e (z) Lo (z)e ™M (5.14)
o Exk—kj e
nm-0
iknr

The quantity An is the envelope of the rapidly oscillating é/q: term
and would be constant in a deterministic medium. Since we estimate
that changes of order unity will occur in An over a range of about a
correlation range of the fluctuations (CR ~ 10 km) we have introduced
the smallness parameter € in order to make Vnm of the same order as

l/CR. OQur task now lies in the estimation of €.

From Eg. (5.14), if Vo 1/Cgs Kp-ke~w/c s and C~ c,» then

H
- EC_J a0 (s9)
0
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2 1/2
If we now replace (%?) by the depth average of <(%§) > , and also

assume that the mode functions contribute very little for z»H,

wC 2
R (B) (5c)- 1/2
€ ~ — (57) < [= >

Co 3H ¢ 2=0 . (5-16)

2 1/2 _
Dozijer and Tappert6 estimate <(5:C) > ~ 5.6x10 4, SO
2=0
-4
e ~ (4.04 x107 ) . (5.17)

The pertubation theory is thus seen to be a low frequency theory

and should break down for f% greater than a couple of hundred Hertz.
The expression (5.16) for & reveals that our smallness

parameter is really a product of two competing considerations, the

size of the sound speed fluctuations and also their coherence. The

Lo (BY_[sc\2 V2 . : :
quantity \=g < = Z_O:> is an estimate of how big the fluctuations

are compared with the deterministic sound speed. Clearly, if a

sizable fraction of the sound speed is due to the fluctuations, then
Co
compares the correlation range of the sound speed fluctuations with

Eq. (5.7) will not be valid. On the other hand, the quantity

the acoustic wavelength. If, in the horizontal plane, the
characteristic length CR of the sound speed fluctuations is only a
couple of acoustic wavelengths long, the sound speed fluctuations are
not strongly correlated, and the acoustic wave will not travel very
far without being effectively sped up and slowed down several times by

the random effects on the phase. As the phases get more and more
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mixed up, the acoustic wave will, in a sense, forget where it has

been. On the other hand, a large CR means that internal wave effects
on acoustic propagation will be more systematic. These effects will
then tend to accumulate and knowledge of past history will be more
important than in a system where the sound speed fluctuations are the
same Size but less correlated. Since the correlation range is many
times the acoustic wavelength, this pertubation theory is valid only
because the sound speed fluctuations are so small.

B. The Statistical Behavior of the Range Functions

1. Interesting Moments

The randomness in the sound speed translates into
randomness in the velocity potential and any function f(y(r,z)) of the
velocity potential. We are interested in moments of these random
functions.

The quantity <y (r,z)> is definitely not the value of
¥ in the absence of any perturbation. If Nature had simply added a
random term to the wave equation rather than multiplied it by the
state of the system, then first moments of quantities like the
acoustic pressure would indeed be their deterministic values, although
higher moments would be somewhat more complicated. However, the

nat 're of our problem is explicitly multiplicative and it is thus of

some interest to calculate the first moment of v (r,z). ;}f{;fl




T T——— Y

In the perturbative method used here, we will calculate

moments up to lowest non-vanishing order in €, That is, any average

quantity can be ordered with €

<Aulraz))> = fore<h> v e 1 <> L, (5.8)

where fo is the initial value of f. If, for example, e<f1>

vanishes, we will calculate expressions for < f> accurate to O0Ofe

3.

Three quantities in which we are particularly interested are

the first moment of the pressure

the

and

Moo<A (r)> oplz) ik r-wt)

<p> = iwoz e (5.19)
n=1 A/ knr
second moment of the pressure
MM <AAYS ¢ (2)¢ (z) di(k -k )r
<|p(r,z,t){2> - (0202 z n'm n fil e N oM
n=1 m=1 rv/kyky (5.20)
the first moment of the acoustic Poynting vector
. 'l ~ -| * i(k -km)r
- wp - -
= 5 oorn r n(z)cbm(z) (km 2r) Rel:<AnAm > e
n,m ™~ "n°m
. ik -k )r
+ erz Re[<AnV;£AE> e N7 ]bn(z)cbm(z)
2
R d: (z) P(k_-k_)r
-2t (2) —— 1 [<AnA;> e " T . (5.21)
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Equations (5.19-5.21) are not exact expressions for

these quantities since we have already dropped some higher-order terms
in using Eq. (5.7). At any rate, we shall content ourselves with the
lowest-order expressions for < p>, <[p[2>, and <j>. Thus, we
drop the term proportional to € in Eq. (5.21). In addition, since we
are considering farfield propagation, we also drop the 1l/2r term.

Hence,

<j> :%’% 2 ?qbrz‘(z) <]An]2>
n

R i(k -k )r
+nzm r Erfcbm(z)cbn(z) Re[<AnA;> e N7 :|

(5.22)

Note that
interaction energy terms.
represents the self-energy
by the energy contained in

2. Calculation

again <j> is divided into self and

The autocorrelation of a mode with itself
while interference effects are represented
correlations between the modes.

of the Moments

The scaling

method used here to estimate the moments of

A, where A =(A1,A2,...AM)T, was introduced by Stratonovich.53 The

" L %




literature extending this method to increasingly larger classes of

problems is vast (see Ref. 50 and references within); the version of
interest here was advanced by Papanicolaou and Koh?er.lo Although the

8 and Koh1er51 seem to be the onty

work by Kohler and Papanicolaou
studies of the effects of internal waves on acoustic normal modes to
employ rigorous scaling methods, these methods have been used in com-
munications research for many years to describe wave propagation
through waveguides with random inhomogeneities {(e.g., Refs. 52 and
53).

The method entails scaling the range coordinate by the size

2r, the effects of

of the fluctuations. In this scaled coordinate T=¢
the random fluctuations are squeezed together enough that the acoustic
field can be approximated by a Markov diffusion process (Appendix C)
~#ith an error of 0(e' in the scaled coordinates, or 0(53) in the
original coordinate system. There are two great advantages to this.
First, operational methods of treating Markov diffusion processes are
available. Second, we have an estimate for the error in terms of its
order in €,

This approximation will hold at long ranges for small values

of =, Thus from Eg. (5.13)

&%
I>

—_ =

where l=(vnm)' As =0, r== witn ~=-"r fixed, moments of A converge to

] x>

, (5.23)
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corresponding moments of a Markov diffusion process ﬁo. We assume
that the sound speed fluctuations at two different ranges in the
unscaled coordinate system become increasingly independent in a
sufficiently strong sense (for a definition of “sufficiently strong"
10)

see Papanicolaou and Kohler as the range difference increases. We

also demand that Oscs ., 27 finite but arbitrarily large. The
limitation of a finite 2:0 has been lifted for stationary systems.Ji
However, our system is not stationary in range, but in horizontal
position. Thus, we are confined to the weaker results of Papanicolaou

1

and Kohler, 0 This does not present a problem since the ocean isn't

really infinite anyway.

The system (5.23) is completely analogous with the

10 if ¢ =62r R
0

example in Remark 2 of Papanicolaou and Kohler; 5

*
v(A%, A%") is a function of the limiting Markov process A°,A°”, and

[0 AO0%\ _ 0,40% (20 40% 140 40% _y _ (0 0%
‘(%’Ao ) _Jdﬁ d_A. D(A ’A 3 - E\_O’B_O N o/ V(E S_A_ ) ’ (5.24)

where p(A0 AO*-G‘AO AOTT ) is the transition probability density of
_’—,"‘O,—O’O

*
finding the system in state A?AO at scaled range - given initial

s c .o* * *
conditions A, =p9 a0 (A9 A0
ATLAT (9,) AgsRgs then T (A7 AST) obeys a backward

equation,
[ A0 0%
d (ﬂo’ﬂo ) =’£ﬂ Ao ¢o* e
d?o '(—o’lo ) ’ (5.25)
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g

where
1 c +7 S N *
i—#'TJ d# dt<f(gw§; k)+tyw£,i%)
‘ ‘0 “o L -3—0 8/_\0
“ *
x @ﬂsmg, })+(1Usm&-j3> > (5.26)
- 3A A
-0 =0

'Q,

In Eq. (5.26), ( ’o> = 725- and the inner product (A,B) is defined as
0 “"no

~
3

(A,3) = tr(ABT) . (5.27)

Since limits have been placed on the amplitude of the

acoustic signal (or else we can't start out with the linearized wave

. a0 ;0% : 0 ,0*
equation), we assume that +(A”,A” ) vanishes for A”,A” larger than
some bounds. If we also assume that first and second derivatives with
respect to modal amplitude exist, then the transition probability
densit p(Ao Ao*'ﬂjAO A%%5 ) obeys a forward, or Fokker-Planck

y AR AN s __09__0a~—<0 1] Ny

equation

where;i‘.is the formal adjoint of the operator defined in Eg. {5.26)

0 0%, . 140 40% _\ _ [0 ,0\:[,0% 40% ‘s
and 0(5 A 7y 50,50 'Wg = L(A,-AO>,(3 50 ). One additional
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ER
caveat: in order for the scaling approximation to hold,.Z must exist

10 assumed this in order

independently of oo. Papanicolaou and Kohler
to relax the condition that the fluctuating medium be stationary in
range. There is no real way to know whether £ is really independent
of 9, for a nonstationary process without actually calculating it.
This is not a problem when we neglect azimuthal coupling in the
acoustic field, but we will need to remember this later when
azimuthal coupling is taken into account.

Equation (5.28) is very useful in calculating propagation
equations for the moments we need. Since we are approxi-
mating our real process by the limiting process, we will henceforth
drop the superscript on Ao. By multiplying Eq. (5.28) by Ak and
integrating over A and A*, we get a propagation equation for <1Ak >

(Appendix D):

d<A >
kK- _ 1 :
— 7 - 62 Z (amk-lbmk) <Ak> s (5.29)
m
where
I TR SO L N o
I n—z- ((—)—) <z%0)> N_f WJ dz dz'o(z)n(z')ém(z)*k(z)
m k 0 o

k_~k
T/2  cos cos[tﬂl—ﬁl.x(ﬁ)? }
XJ do > 5 cos? - ! (5.3/))
0 [q*cos a4 (kw'kk) ]
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‘ ®
- and
8 (EF <2 Ww4 T Jolz')e (2)6,(2)
- b, = = (% <r“(o)> N_f f dz dz'o(z)o(z')e _(2)d, (2
R .
i ' N(n 2 ;2\ 1/
. Y ' NZ(Z)NZ(Z ) ( )d’) (-f7)
x rm(z )’»k(z ) > 5 3
c(z2)c (2" IN(n) J ¢ a
[ ]
k k -Q*X(Q)?&
fn/z a,cosssin ose ? ) e
ol B 72 v ' -
o (a*cos 8 + (km-kk) ) o
(5.31)
Hence, since e2r =g, we find
—Z (amk-ib k)(r ro) .
<Ak(r)> =e M <Ak(ro)> . (5.32)
The details of this calculation are given in Appendi. D ®
In a similar manner we derive propagation equations for
the second moments:
d ] . . S . .
d_O < k kl = ;’2’2 amk|+1bmkl‘1bmk) <A‘\Ak! k#k 0
m (5.33) oo
so that .
x -%‘(ai11k+alﬂk ARLMY 'iblvk) (r—r‘o) . - {:
<AkAk.(r‘)> = e <AkAk'( ) > k#k :f:‘:;t
(5.24) s
and
o
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- “’ <23 e (<R - <> )
m

Even with the oscillatory terms, 3”0, Thus <Ak(r)> and
<AkAk.(r)> oscillate with an exponentially decreasing

envelope. The quantities <!A‘.l2> approach an equilibrium value

M
<]Ak|2 g-z >

Hence, knowledge of initial conditions is eventually wiped out as the

(5.36)

[l
=Z{m

energy is equipartitioned among the modes. From Eg. (5.9)

7 T 0 (Zg) Z (bﬁ(zo) , (£.37)

so that the equilibrium values for <p>, <]p(r,z,t)j2>, and <j>

are
<p> >0 , (5.38)
2
5(z)
<pl?> » W BEES 2, (5.39)
m m
and .
5.2 L
. il E m " .
<j> "Tﬂz —r . (5.40) Joaeed
m . T
. E
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Chapter 6

In Chapter 5, we studied sound propagation where each depth
mode was considered to have an azimuthally symmetric amplitude for
each realization. This directly contradicts the assumption of azi-
muthal variations in the sound speed profile. In this chapter, we
present a formalism for dealing with the azimuthal variations in the
sound field.

A. The Coupled Mode Eguations

We consider the same system as in the previous chapter, a
flat slab of seawater of thickness H overlying a substrate. The veloc-

ity potential ¥(r,p,z,t) satisfies the scalar wave equation

. 2 2 2 .
1 3 ( 8‘?) 1 97y 3V 1 37y -1t
L r o5+ + - = =470 ~{x-x_) e 6.1
L LIV A SO S S ° =0 (e

The sound speed profile is again considered "frozen" and we again

expand ¥ in terms of the deterministic depth modes ¢n(z):
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Thus
328 (r,o) +%8 (r,0)
_____Z__“ + (k2 + —]2—>B (r,o) + —]2———~—-2-——n
ar n 4y n r 3P

dzo(2)0,(2) SFon(2)B(re) . (6.3)

We assume that internal wave effects have negligibly
disturbed the acoustic field interior to a cylindrical boundary at
r0=10/kM. Thus, Eq. (6.3) will describe the exterior problem with Bn(ro)
obtained from Eq. (4.14) multiplied by ~/F;. Accordingly, we drop

the 1/4r2 and make the forward scattering approximation

8 (re) =~ Bt (re) e (6.4)
r"¢ iy r’¢ e 1] .
n Vv n
kn
50 that
28, (r,0) . B (r,e) .
+ = ie U B8 (r,0) , (6.5
A > U,.8hr0) , (6.5)
n m
where
2 H i(k_-k Ir
- sC m n
U = —— dzp(z)s (z) 5 (z) e (6.6)
nm E /knkmjo n -63(2) m

Now we expand the forward scattered wave in terms of azimuthal modes
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Since several changes of variable have been nade, it is useful to

exhibit these expressions in terms of basic functions,

EE Anq exp[ (k r +
q

]




e

®
2T 1(km-kn)r
- - de dzo () 0 (2) e .
mpng Jk'T G :
2 2
x exp i< = 7 r> 1(p -a)¢ (6.13)
m n ‘.
B. Calculation of Moments
As in the last chapter we will be interested in expressions e
for the average pressure,
<A_(r)> 2 .
<p> = iwp) ———y (2) exp <k P+ osp—+ qp - wt) :
:E 3 n knr
nq n
(6.14)
the second moment of the pressure,
2 22 <An A;p>
<[p| wp ———q—d)n(z)cbm(z)
r"/knkm
2 2 1
x exp 11 |(k -k ) (E— E—)Z—,.+ (a-p)eo . (6.15)
n m
and the average energy flux,




2 2
< * . D 1
x Re Anqup> exp 1|t(kn-km}r + (%; " )27 + (Q-D)w]

de (2)
- W 5 - * i
77 nzm 20, (2 4 Im <Anqup> exp 1[(kn-km)r
Pq
2 2
g _p 1
' (kn =) g v (a0 - (6.16)

We will find that, as expected, a cylindrically symmetric source will
require g=0 in Eq. (6.14) and though q need not be zero in Eqs. (6.15)
and (6.16) it must be true that g=p.

Equation (6.9) for the matrix process A=(A_ ) is completely

nq
analogous to Eq. (5.23) for the vector process considered in

Chapter 5. We shall place a restriction that q be less than some
limit L where L is arbitrarily Jlarge. That is, we assume that we
can always approximate a delta function by a function that is highly

peaked at ¢=0, the width of which is small compared with measured

azimuthal variations in the velocity potential, and that we obtain
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this function simply by adding together an adequate, but finite,
number of azimuthal modes.
Given this restriction, we proceed in a manner analogous to

the situation in Chapter 5. Rewriting Eq. (6.9),

o
Sslx

= ie (6.17)

I=
>

where A=(A_) and V=(V

nq = ‘'mpnq

A(l%)can be approximated by the Markov diffusion processes, Ap(o):
s -—

). With the scaling o=82r, the processes

0 ,0%* ,,0 ,0%
dp(A »A50(A Ajso0) . . o o

do L P(A%A 50 [ALLAD o,) s (6.18)

where;ﬁ+ is the formal adjoint of

L= Hm }f dsf dt < 1’_1_(t)gg, CHR W iV(t)Ae, -2
=0

*
. o 2 . 9
1L, )+ iV(s)A, o) > (6.19)
=0 -0

The form of V (Eq. 6.10) demands that our I, be nonzero (which it is)
in order to calculate 2" but we will find£T to be independent of oA
when we're finished. In terms of the components of Vand A (dropping

the superscripts),
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n
TR
! (t) (s) A 5
< 13 ) ] ] ! 1]
[ Vmpnqvm p'n'g'” \n'mépq al(rn.p. Ang - ZK ZX AngPn 'q )
o<yt s) oy . 3 ) 3% Lt
mpnq m'p'n'qg’ CSn mdpq‘ BA* aA* BAF Anqﬂ‘n q'
m'p' m'p' ""mo

+ <yt y *(s) 3 3 a*
mpnqg m'p'n'qg’ SAT— SA n'q'Anq
‘pt Tmp

*(t)yls) 3 3 *

+ < 2

Vmpnqvm p'n'q! ' m aA* An'q'Anq ) (6.20)
mp

Each of the four terms will contain an expression of the form

= e n n/2 o
[ dozf de f dm"[ daP(x,25n) cos(a;X) e 1009 emq'w'
* ) ) )

§ [em[ cos{®-+)-tcos (@' -5)] . eia[ocos((P+6)-tcos(<p‘+9)]]

(6.21)
By transforming®@~o+3, ¢'>¢'+73 in the first integral and @p->¢p-4,

@' *®Y'-g in the second integral, the expression (6.21) becomes

? TT/Z 2Tf ZTT
a [ da/ [ d(p[ dw P (l, ,n) COS(W?X) T’IOCOS({’ -TU.tCOS(p

N




PTy—

z X(eikﬁq((p‘fe) e1‘ﬁq'(¢|+p) + eixq(w_g) e1,‘ql(w_[\))

ZSm[ Aq+Ag ) ] 2 2
(7g+3q") 1 d1j dqo[ de'P(x,25r) cos(x2X)

e 00C0SP -Tatcosp’ i(caqwtigle!) . (6.22)

If Aq and Ag' are both even or both odd the integral is zero. Even

more is required: because P(a,7;n) is even in a and because the angle

P integrals go from 0 to 2m, the expression (6.22) is null unless
- Ag=-2q' (Appendix E). Hence,
catT S
> Tim - [ ° ds[ dt
mpng The o) o]
mpn'q' 0 0

<ylt) yls) 5 s 3 _p A
mang m'pn-q ‘Pyq-p'+g’ nmpq’ Km.p.nq Z( K nqnq

*(t)y*(s) 3 * 3 Tk x
' <VmD"qV”’ p'n'g’ SD’Q-D'W' x‘n'm%Q' HA nq - N JAX nqAn'ﬂ,‘
I mlDl < m|p| - mp
*
byt ) s R A
mpng'm'p'n'q’ %p,9+p' -q" ~—;———3A A n'q'"nq L
mpt T
.o
*(t),(s) 3 3 * R
+ < > —_— Y R
vmpnqvm'p'n'qf 6D,q+p'-q' aAm'D' SA* An:q:Anq . (6.23)




Another property common to the four terms in Eq. (6.18) is an

expression of the form

oo UO+T S . ,
%f daf dSI dt P(a,75n) cos(x 2X) ol2(scose~tcose')

iakps skt (i/2s)003 (i/28)203
x e e e e , (6.24)

where, for example in the first term, Ak]=(km-kn), Ak2=(km.-kn,),

' 2 2 2 02
AQ%=(€—— - %;), and AQS = (%r: - E;—) . Since

m

o .
—2—2-* cos(q?x) <V/og,
o +o,

AQ% and AQ% are constrained to be finite although arbitrarily large, % )
js finite (not zero) and less than T but otherwise arbitrary; and since
no function of Q multiplies T in the argument of an exponential, the

expression in {6.24) can be written (Appendix F)

- o Ot T S . ' ink .
- %J' docj © g J dtP(,235n) cos{agX) ola(scose-teose') o fkys e'“‘zt
. J-o " )y o,
3 r o)+ of1) (6.25)
D
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Since the terms o(InT/T) and 0(1/T) will vanish in the limit T>o, they
are henceforth omitted.

It is now possible to calculate some useful moments. In the
same manner as in the last chapter, a propagation equation for < Akj>
is obtained by multiplying Eq. (6.18) by Akj and integrating by parts

once. Thus

4<AG> . S ‘“4(51)2 <c?(0) > Nof

do 24
e km‘/knkk

mpn
Va 2n H H
x }im TJ d<pL d(p'j dz dz'¢n(z)®m(z)®m(2')¢k(2')
too  Jg 0 0
2 N(r) ® 2 2,172
= (f%“ () o(z)c(z) J dﬂj do 2a* 2 : 3 )
CH(zZ)C (2" IN(n) f s o+ ay) a

o +T 3 - (k -k )t
o oy _iifpy (k =k )5 T(ky
xf dsj dt o P(E=0") o-13lo-") i
% 70
. olint{scoso-tcose") <> ' (6.26)
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Now

L ,
2 eP@-9') . onsip-¢t) : (6.27)
p=-L

where this is approximate because of the truncated sum. Further

manipulation yields

d<Ak> i} Bw (?)«; >N1c
S mn efrkvk K,

2 2 N(n) ® 1/2
% N ( )N ( I) ' (X* 2
2 ;:2 - o(z)o(z") jf dQLO do _Y_Z,LL%)_

(o +oy)

S i(k -k Js ilko~k )t
dsf dte MmN o k™ "m em:oscz)(t-s) <Anj>
o

0 0
(6.28)

Notice that the operator on <Anj> does not depend on the indices of
any of the azimuthal modes. In fact, this operator is precisely the

one evaluated in Appendix D and

(6.29)

>

R S R

a- 22 —1b </\kj> R
m
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with A and bmk given by Egs. (5.30) and (5.31). Thus *
-Zr;‘ (8- 1byy) (r=ro) :
<Akj> = e <Akj(ro)> . (6.30) PY
The derivation of Eg. (6.29) does not involve the initial
conditions; the operatorp‘é% is purely a property of the medium and the o
acoustic frequency. Hence, £q. (6.30) holds for directional sources
as well as azimuthally symmetric sources; the first moment preserves
the original directionality of the source. This is expected since the o
first moment does not give any information about energy transfer but ’
merely serves as an indication of how quickly knowledge of the initial
conditions is wiped out. "o
Information about the spatial distribution of energy is | ‘
obtained from the second moments <AnqA;‘q'> (Appendix G). Here, it
is necessary to return to the azimuthally symmetric source in order to -.~~
make progress. We find first of all that the different azimuthal
modes are uncorrelated to lowest order ince; that is, we must have
g=g'. The random pressure p(r,®,z,t) is thus stationary in the hori- °
zontal plane,
The interesting quantities involving second moments are
2 2 ¢ (2)¢ . (2)  ilky-kpor *
<1p]‘2> =§: ﬁ_rg_ n n e NN
n,n' «/kn—k;
®

and




L 2
- Lp » n q
<J> =32 r ¢ (z2)s . (2) |1 -
B Zr;ﬁ' Kp 7N n 2k§.r2
q
8, (2)9:(2) s )
~q 'n n . _ ¢ (1 :
ypt ] Re|<A A >exp Yi|(k -k .)r + (__
vk, nqg'n'q n'n or \k_ Tk
Kpkp o " R
d )
- ¢n aZ n * . q- 1 1
- z-7:7:~— Im <”nqAn‘q> exp |1 (kn-kn.)r + o (E_" E__|_)
nn' n n

(6.32)

[t is necessary here to make some estimate of our limit on
q. The sound speed fluctuations have a correlation distance of about
10 km. Therefore, traversing an arc centered at the source, we expect
changes of order one in the acoustic field over an arclength of about
a correlation distance. We thus take L=(27r)/CR; our limit

increases with range. Considering the radial term in <j>,

2 2
L 2~ -3
_ .t < 2x10 . 6.33)
22 (ki Cp)° o
Similarly
2
L_ (1 1Y, 59973
2r (kn ) E}T) D20 g kg ' €30

77

B e aansceaan aeee e snae aaa ]




A 2
Hence, we may drop the ?*k—mg?g’ term in << j > and can probably also drop
the extra oscillatory terms (6.34) in < |p[2> and < j>, depending on
[ the size of (kn.-kn)r. In the estimates given above, kn~10-Z vi—1, about
an order of magnitude smaller than what kn would be at an acoustic

frequency of 100 Hz.

; The quantities <AnqAn q> satisfy the following equation:
*
d<An An' > 1 *
dc 52 (amn'+amn) * 1(bmn' bmn) <AnqAn'q>
m
)
2 Pq * (6.35
* 2 Z dmnm n' Re <ArnpAm'p> ’ )
€ mm'p

where a_ and bmn are given by £qs. (5.30) and (5.31). The sums over

m and m' are restricted such that [k -k |<|k .-k .| and that (k -k_)

i have the same sign as (kn,-km.). The quantities dggm.n. are given by
- 4, @ H H o (2)o (2")e 1 (2)e (2")
. dmm e 16w (g) Nof \,;2(0)>J dzf dz' Y20, m n (
S 3 VKK KK,
’ m 0 0 KK Knkp
20 W2 N(r) 2,1/
) « n(z)p(z") ~2N (i%N (z') f d A—A—)— dw coswcos[q P ]
C{z)c™ (2" )n(r) J¢




Note the similarity between dggm'n' and a_ (Eq. 5.30). The

excitation of the azimuthal modes by the internal wave field, bleeding

energy out of the azimuthally symmetric mode, is explicit in

Eq. (6.35). Since all the energy is initially in the g=0 mode, we see

from the form of dﬁﬂm.n. that <:AnqAn,q:> = <:An,-qA;',-q:> at all

ranges. Therefore, <:l_> does not have a component in the @ direction,
The moments < AnqAn'q:> are too many and too complicated to

evaluate numerically. However, we obtain much information about

energy flow without calculating each <:AnqAn.q>>. Both <:|p}2>> and

<J > contain terms

] 2 3
W“'g <qaglt> (6.37) i

i 2; a (W - ) : (6.38)

This is precisely the same equation as that satisfied by <:|An)2 >
(Eg. 5.35) for the case when azimuthal coupling was neglected. The
self-energy is nct affected by modal interference and so is simply the
sum of the self-energies contained in all the azimuthal modes.

The interference terms are another story. For n#n',

summation over g in Eq. (6.35) yields




e
[ ]

T
]
[ ]

PEN s A ke aun g

d .
do : <AnqAn'q i e2 :E [(amn'+amn) + i B ~Pmn ] :E nq n q
m

- (6.39) T
= .
which is analogous to Eq. (5.33) for the azimuthally symmetric case.

However, the expressions for <Z}p]2>> and <1j>> contain expressions

which oscillate more quickly than 3 <AnqAn q °
q

.2 \
i (1 1
25 AnqAn'q> EXP 1 7y <kn kn.} < :é <AnqAn'q>

9 e
(6.40) '
The effect of azimuthal coupling, then, enhances the decorrelation of O
the depth modes so that the interaction terms go more quickly to zero. 7.
This enhancement is probably not very big. Changes in phase
are much more rapid in range than in azimuth and a slight advancement ,
or retardation of a depth mode as it travels in range will play much -®
more havoc with acoustic interference than lateral deflections of . i
energy. Still, the consideration of the extra dimension can only ‘
serve to increase randomness in the phases; this increase is repre- ._ 1
sented by the additional oscillations in the correlations between -
different depth modes. :,iji'ﬁ
In view of the above considerations, the average energy flux ’ _q
is taken to be 353
. \
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n,n' knkn' q a n n

(6.41)

With the quantity E/M defined in Chapter 5 (Eq. 5.37), the asymptotic

values for <p(r.@,z,t)>, <|plr,o,z,t)] 2>, and < j > as ro are

<p> >0 , (6.42)

o 2
dpf> » B2 ES Ml (6.43)
m m
and
. ~ wp E 2
<j> =+ 7%“; d)m(z) R (6.44)

as in the azimuthally symmetric case.
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Chapter 7

In order to determine the rate of acoustic energy
redistribution by the internal waves and the decay rate of the
correlations between the different mode functions it is desirable to

numerically calculate the scattering coefficients a Because of

nn'’
the inequality (6.40), it is certainly necessary to know the decay

rate of ) <.AnqA:,qi> since, if this quantity be negligible, the
q
interference terms in <i|p|2:> and <j> may be neglected.

The scattering coefficients 3., are giver by

5 4 2 5 N f H H
it © —m.?' (%) <z (0)> kn(’)(n'J dzf dzelz)o(z")
0 0

X

on(2)e, (2)0, (2" )0 (2") NZIZ)NZ(Z->Jf”(”’ (22-£2) "/
A :

& (2)T (2" )N(n) *
sk 2 4(2)
[W/Z ] COSQ cos (—%O—SE——>
. ® , (7.1)
0 (uzc052w+ik2)
where

= - .2

ko= fko=koo ] , (7.2)

=22l (7.3)

ot o oon el bl o




T

and
- /NZ P (7.6)
X(Q) - 2 2 ’
Nt - f
The & integration can be transformed by a change of
variable,
N(n) 2 2 V2 (Ak ) 2
j I u*(Q :;f ) CO: —2-(%20—? . t(Nzéfi) dx X C’);(GX) ,
f Q (o cos“¢ +ak%) AkSFT S (x2+s<2) (x2+g2)
(7.7)
where
6= bk 2 , (7.8)
cosQ
K= N(n)/f , (7.9)
2(n2 2 2
g2 - 2 -f2) cos‘e ., (7.10)

Ak

For Ak>ft, we can separate the denominator of the integrand
in (7.7) into partial fractions and evaluate the X integral exactly.

For Ak<ft, the par~ia’ fraction expansion will introduce second-order
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poles at ft cos ¢= Ak and then the principal value of the ¢ integral
will not exist. It is certainly true that the expression (7.1) for

a is valid uniformly in latitude and bandwidth parameter t, but one

nn'
must be careful that methods chosen to evaluate the integrals be
valid.

Evaluation of i is greatly simplified by assuming Ak>ft.
This limits the latitudes at which the following expressions apply,
but this does not prevent a useful computation. For t = 1.4 sec/m,
consistent with j,=3 in Desaubies'>® formalism, and a latitude of 30°,
ft = 1.02><10~4 rad/m. At any rate, the expression (7.1) is as refined
as it can get without introducing some approximations. WNumerical
evaluation of the quadruple integral for each pair of depth modes
would take a prohibitive amount of computer time, even with Monte-
Carlo techniques of integration. Since we do not expect the
gualitative behavior of the acoustic field to vary drastically with
latitude, we solve the problem for Ak>ft.

Performing the internal wave frequency integral, we find

(with N>>f; Appendix H)

4 2 N ft H H
4oy (u 2 0
a r = ~ <z (0o)> d ! ' ’
nn' "~ 2 (g) (o) " knkn-jo ZL dz'o(z)n(z")e,(2)¢, (2)

oz Yo, (2N

X

e (2)T (2" N(n) 2 2.2 2 2.2
ft . /ake - £t Ak® - £t




2.2 -2
- (1 - fA—ktz— cos2<o> [ €1 (a0) + Ei(-60)] , (7.11)

where Ei(x) is the exponential integral.
Because the exponential integral diverges near 2 =0, it is

interesting to note that as G>0 the terms in curly brackets become

Ak? £ m/2
~ — tan T —ft V., ZJQ dp cose (]nK;];Q) 5 s
ft Akd - f2t2 Akz - f2t2 0 (] - t_fz_ COSZ(,U).
Ak
(7.12)

a result which can also be obtained by integrating the integral (7.7)
with G=0 (Appendix H).

The expression (7.11) for 3n looks much more daunting than
it actually is. The @ integrand is actually very smooth and well-
behaved except near 2 =0. We can eliminate much repetition in the
numerical evaluation of a__, by noting that the expression (7.11) is

nn
of the form

H H
a_ =.[ dz JF dz'h(z)h(z')g( % .n) s (7.13)
o

nn
0
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which is equivalent to

H/2 2n H 2(H-n)
a,, = z[f dnf dg +j dnf d?j' h (n- y/Z)h(n+ ?/2)9(?;"7)'
o} o} H/2

0
(7.14)

After one more transformation ;;/2+® s

H/2 n H (H-n)
a v = 4L dn Jo doe +JH/2 dnJO do| h(n-0)h(n+0)g(29,n)

(7.15)

The scattering coefficients a8, Were calculated for n=1,

n
n'=2-6 at acoustic frequencies of 100 Hz and 50 Hz. We assume an

exponentially decreasing Brunt-Vaisald frequency

Nz) = e B (7.16)

where N0 = 0.00524 rad/sec and B = 1300 m. Correspondingly, a Munk

profile was chosen for the deterministic sound speed

c(z) = c0[1 + E(A+e‘A-1)] , (7.17)

where c, = 1500 m/sec, £=0.737x107%,

A= % (z-z) (7.18)

and z, = 1300 m. The inertial frequency was taken to be 0.727><10"4

rad/sec (30O Jatitude). The bandwidth parameter t was chosen to be




36

1.4 sec/m, consistent with j,=3 in Desaubies'~” notation. Finally,

in order to compare our numerical results with those of Dozier and

7

Tappert,’ we choose the strength of the fluctuations such that

(H)Z <r2(o)> No=2.12 8 . (7.19)
g i 0

The acoustic wave numbers kn and the corresponding depth
modes ¢n were calculated for a rigid bottom using the normal mode

model NEMESIS

on a CYBER 171 computer. Briefly, boundary conditions
were set at z=0 and z = H = 4000 m. Given an eigenvalue estimate,
Numerov's method is used to integrate the differential equation (5.2)
up from z=H to a match point and down to that match point from the
surface. The difference in these two solutions at the match point, if
not within the required tolerance, is then used to determine the next
eigenvalue estimate. Polynomial expressions involving previously
calculated eigenvalues are used as estimates for the next eigenvalue
so that convergence is usually achieved in five or six iterations.
Lach eigenfunction ¢n was evaluated every 5 m so that there were 801
mesh points in the 4000 m of water.

Because the ¢ integrand is so smooth and since the
¢ integral must be evaluated for each (n,” ) pair, the integral over
azimuth was found to be evaluated most efficiently using a 2I point

55

Gaussian tensor product formula,”~ where I varies from 1 to 8 until

87




55

“he weucired accuracy is achieved. The IMSL routine DMLIN™T was 1sad to

2ffect this quadrature.

ine depth integirals were evaluated by a two-dimensionail
trdapezoidal rule which turned out to be surprisingly accurate. We
>stimate the calculated values of a,,r to be within 5% and probably
i o 3%,

Tne values of I calculated in this study are presented in
fable 7.1 along with corresponding values calculated by Dozier and

Tappert./ The two treatments are seen to agree fairly closely.
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‘ TABLE 7.1
';_ Calculation of a; .
b
}. 100 Hz
! n' aj (Penland) ayn (Dozier-Tappert)
.
: 2 .704E-6 .945E-6
3 .140E-6 .208E-6
4 .H25€E-7 .760E-7
5 .264E-7 .321E-7
6 .155E-7 .147E-7
50 Hz
] : )
n 8y (Penland) 2y (Dozier-Tapnert)
2 .246E-6 .294E-6 -
3 .548E-7 .710E-7 S
® 4
4 .210E-7 .283E-7 |
5 .104E-7 140E-7
6 .603E-8 .775€-8 ]
® P
' i
Note: Values from Dozier and Tapper‘t7 have been divided by 2 to make , 1
consistent with ours their definitior of - ° ‘
.
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Chapter 8

Mode coupling induced by internal waves redistributes the
energy contained in an acoustic mode field. Energy confined to the
SOFAR channel will be spread over a much larger depth at long ranges.

This scattering causes the behavior of the sound field at
Jong ranges to become independent of source depth. A limit on the
depth information content of a cw signal which has propagated over a
long distance has therefore been established.

This study presents a theory which describes this
redistribution of energy. Path integral descriptions employed by

Flatte et a1.4

can be used to describe acoustic propagation through a
random medium at frequencies high enough to make normal mode tech-
niques invalid or, especially, intractable. However, unlike these
path integral techniques, this normal mode description is valid at low
frequencies (v £ 100 Hz) and does not fall prey to problems of
caustics or to those connected with describing the acoustic field
between the saturated and unsaturated regions.

The scaling techniques introduced by Kohler and

8 have been extended to include azimuthal fluctuations in

Papanicolaou
the sound speed field. Two cases are considered. In one case, the

azimuthal fluctuations in the acoustical field were ignored while

90




retaining ich fluctuations in the sound speed. Thi
contradiction. This case was studied to see if tne

6.7 theory

resonance scattering in the Dozier-Tappert
without manipulating the spectrum in such a manner a
tal isotropy, an average property, on each realizati
speed. Also, we wished to investigate the necessity
assumption, i.e., <:AnA:.> =0 for n#n', in obtaining
Eqs. (5.35). In addition, many concepts are elucida
would be obscured by the more complicated case.

In the other case, the azimuthal fluctuati
acoustic field are taken into account. The results
study are then compared with those of the previous,
symmetric situation.

The azimuthally symmetric case ‘s presente
Chapter 5. The contradiction inherent in a situatic
variations are permitted in the sound speed and not
field is explicit in the fact that the random presst
obey an azimuthally symmetric Helmholtz equation wh-
somehow "localized" (see the sentence immediately b
Appendix D).

Contradictions notwithstanding, eqguations
amplitude <:An>>, for the autocorrelation function

*
mode amplitude and for the correlations < AnAn.> b

ferent mode amplitudes (see Egs. 5.6, 5.10-5.13) we

9
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The function <An> oscillates with an exponentially

decreasing envelope (Eq. 5.32). Hence, the mean acoustic pressure

becomes small at long ranges more quickly than would be implied by SR

simple cylindrical spreading. .
The correlation functions <ZAnA;,>- also oscillate with an
exponentially decreasing envelope (Egq. 5.34). This envelope decreases .
more rapidly than that of the first moment; the e-folding range is *
about half that of <An>.
The autocorrelation function <1An!2> of each mode is coupled .
with those of all the other modes (Eq. 5.35). At long ranges all of .
the functions <lAn| 2> approach the same equilibrium value; all depth "-_
information about the source is therefore eventually lost. . '

Because of the behavior of <|A |2> and <A A*,>, the second

moment of the acoustic pressure <[p|2> asymptotically approaches an
incoherent sum of contributions from the the normal modes {(Eg. 5.39). ,m
The vertical components of the average energy flux < j > decrease with
range so that the average energy flux at long ranges is essentially

radial (Eq. 5.40).

Even without the assumption of random phases, the form of 'T_[;
the coupled equations for <1Anl 25 is the same as that derived by
Dozier and Tappert.® 0f course, Kohler and Papanicolaou® obtained the .
same form without assuming random phases so this result is not at all " 5
surprising. The form of E£qs. (5.32), (5.34), and (5.35) is a
consequence of approximating the system by a Markov diffusion process. .

At any rate, we can check the consistency of assuming random phases
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with the Dozier-Tappert results since the exponentially decreasing

envelope of <:AnA:.>’ contains the same coefficients amn as in the

h coupled equations for < IAnI2>.

Using the values for these quantities given in Table 1 of

Ref. 7 for a 100 Hz signal, we calculate 3" (a q+a ») = 3.8 x 1076 -]
m

F corresponding to an e-folding length of 265.5 km, or about 25 f;—'.‘ -
E correlation lengths. Of course, they only tabulated the results for -
3 ten modes whereas there are generally hundreds of modes in the deep

(4000 m) ocean. Nevertheless, the scattering coefficients between ;‘;“““‘

modes 1 and m decrease with the difference in mode number somewhat

more rapidly than ll-ml'z. Thus, if we assume a very large number of

, corresponding ::]Ejf::

modes, we can overestimate . (a 1+ 2) = 4.3 x 10°° m
=\ ml m
to an e-folding length of 231.2 km, or about 21 correlation lengths.
On the other hand, the gravest acoustic mode has only one nearest
neighbor, so we would expect it to be highly correlated with mode 2.
A similar calculation of Z:(am5+am6) at 100 Hz gives an e-folding
m

length of about 67.2 km, or about 6.5 correlation lengths. Hence, we

expect the random phase approximation in the Dozier-Tappert theory to e

be most valid for mode numbers of middle range. Lower acoustic ifi}g!?

frequencies will have longer e-folding lengths, varying roughly as wz.

The calculation of the e-folding lengths was performed with "'i ;:j

7

scattering coefficients calculated by Dozier and Tappert’ using the

1975 Garrett-Munk spectrum.33 Their spectrum differed from the one

used in this study in that their horizontal wave number spectrum fell
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f& off more rapidly with o than the more recently derived spectrum used

ES in the analysis presented here. The 1975 Garrett-Munk spectrum>> was

32,34,35

h revised with subsequent experiments and we have used the NERONNE
revised version. On the other hand, their bandwidth parameter t is

about twice as large as that indicated by these experiments and we did

not obtain scattering coefficients drastically different from their ;
values (Table 7.1).

From the form of the scattering coefficients (Eqs. 5.30 and
5.31) it is clear that they represent contributions from the internal R —m
wave field having a component of horizontal wave number in the radial
direction equal to the difference in acoustic horizontal wave numbers.

Dozier and Tappert6 interpreted their scattering coefficients as

representing contributions from the internal wave field with hori-

zontal wave numbers equal to the difference of the acoustic horizontal

wave numbers. However, since they integrated their two-dimensional
spectrum over transverse wave number, we may loosely identify the two iy
treatments as having consistent interpretations in this respect. .
At any rate, one must always remember that this "resonance

coupling" is derived from the fact that both the horizontal wave
number spectrum used here and the modified spectrum used by Dozier and
Tappert possess poles of no higher order than one on the imaginary
axis. These poles did not contribute to the coupling coefficients ann

*
although the wavelength of the oscillation of <:AnAn.:> was indeed

affected by their presence in the spectrum (Eg. 5.31). A second-order
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pole in the horizontal wave number spectrum would contribute
additional terms to a ., and a third-order or higher-order pole could

call into question the approximation of the system {An) by a Markov

diffusion process. '«frs.f
Because the system {An} would be identically constant in a

noise-free environment and since the sound speed fluctuations are -

small, continuous, and have a reasonable correlation length, it is LT
reasonable to expect a Markov diffusion process to approximate A with ;i;i;
proper scaling. The assumption that such a process exists itself - .~

places some restrictions on the form of the horizontal wave number
spectrum, but there is still a good deal of freedom in choosing an
expression to fit the measured data. Hence, although the expressions
for ann and bmn can be trusted to give accurate numerical results, we
should remember that the "resonance coupling" might have been modified

had we used another empirically derived spectrum which also fits well

the measured internal wave data but has different analytic properties. ﬁ:SSQ{if
With a thorougi understanding of the azimuthally symmetric ﬂ-;?;:i:ﬂ
case, we now turn to the more realistic situation where azimuthal ' B

fluctuations in the acoustic field are taken into account. Although

it is no longer necessary to "localize" the Helmholtz equation, we pay

for this consistency with a large increase in complexity. The details R
of this calculation are presented in Chapter 6. |
Many of the results found in the azimuthally symmetric case

have direct analogies in the more complicated study. Each mode

amplitude is a function of azimuth for each realization; each is
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therefore expressed in terms of a set of azimuthal modes. The average
pressure <p> due to a point source is precisely the same as in the

azimuthally symmetric case. However, we have more information: the

calculation of <p> does not depend on an azimuthally symmetric
source. We find that <p> preserves the directionality of the acous-
E tic source and that each mode amplitude oscillates in range with an
exponentially decreasing envelope,
When the source is an azimuthally symmetric point source it
E is found that the acoustic pressure is a stationary random process in
the horizontal plane. The autocorrelation function for the depth

modes have exactly the same behavior as in the azimuthally symmetric

case provided the range functions Z <|Anq|2> are interpreted as a
q

sum over all the azimuthal modes; energy is eventually equipartitioned
among all of the depth modes (compare Egs. 5.35 and 6.38). As far as
the correlations between different depth modes are concerned, the
quantity Z:<An A*. > behaves as does <A A*,> in the azimuthally

q gn'qg nn
symmetric case; it oscillates in range with an exponentially
decreasing envelope (Eq. 6.39). However, the interference terms in

2

<|p[2> and < j > oscillate in g°; the quantity |§q:<A >|must

nqA;'q
be regarded as an upper bound to these interference terms. Hence,
azimuthal scattering of energy tends to slightly enhance phase
randomization so that the interference terms are encouraged to decay.
Therefore, the asymptotic behavior of <p>, <|p|2>, and

<Jj> is the same as in the case where azimuthal fluctuations in the

acoustic field are not considered. However, this asymptotic behavior
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o may be obtained more quickly than would be predicted by the simpler
calculation, though this difference in range is probably not

. significant. Criteria for determining the significance of the

; randomization enhancement are given in Chapter 6.

: The result that energy is eventually equipartitioned among
all the depth modes is dependent upon the neglect of the continuous

= spectrum. Unfortunately, the reasons usually cited as justification
for this neglect are precisely those mandating consideration of energy
coupling into this radiation spectrum: this continuum region is
attenuated far more rapidly than are the discrete depth modes.

8 indicates that

Analytical work by Kohler and Papanicolaou
equipartition will not be attained if the continuum is included.
Clearly, further work is needed to establish the rate of such coupling
via the internal wave field.

Since the measure of volume absorption in seawater involves

3 km),

propagation of an acoustic signal over very long ranges (102-10
internal waves will scatter energy out of the paths connecting a point
source with a point receiver. This may result in an anomalously high
volume "absorption." The theory presented here should be modified to
include the effects of absorption and a numerical calculation which
includes absorption should be performed.

Finally, one could apply the methods of Chapter 6 to modify

51

Kohler's™" results for pulse propagation through a random environment
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for the special case that the random sound speed inhomogeneities be
e due *o internal waves. The only differences one would expect between
. the Kohler theory as it stands and the modified Kohler theory would be
in the interference terms, which would be small at very long ranges,
and in the interpretation of the depth mode autocorrelation functions,

m each of which would now be a sum of azimuthal modes.
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APPENDIX A

Munk'sTg

derivation of the mean sound speed profile c¢c(z) is
presented here.
Neglecting second-order terms, the fractional sound speed gradient

can be written

b L . -
=-Jac _ T , oS . %p (A.1)
¢ '3z Tz tPetrm

) Here, T is temperature, S is salinity, b is pressure ,and ., 2, - are

. constants. Similarly, the fractionai Adensity gradient is

i e (az>p a\ = ; +b 55 (A.2)

where a is the coefficient of thermal expansion and b is the coefficient

of saline contraction. The subscript P denotes "potential gradient”,

as explained in Chapter 2. Only the potential density gradient

contributes to the stability of the water column; only the potential

sound speed gradient contributes to sound fluctuations associated with
internal waves. It is therefore convenient to introduce the quantity Yps ol

the fractional sound speed gradient in an isentropic, isohaline ocean.

) YA B (T"‘;) + ¥ ’:_)E . (A . 3) -~ . B e
. “T/A : RIS

Values for coefficients typical of conditions in the ocean are given in

) Table A.1. However, it should be noted that a may vary by as much as
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Values of 106a in (°C)°]. at stated temperaturec and denths

Coefficients used in Derivation of Munk Profile

TABLE A.1

Depth 2

(m) 0 5 10 15 29 25
0 51 107 158 204 245 283

1000 76 127 173 216 254 290

2000 100 146 189 227 263 296

3000 122 164 203 238 271 302

4000 143 181 217 249 279 308

5000 161 197 229 258 286 314

o Q
1} n

<
"

3.16 x 1073(°¢)7', a~0.13 x 1073(°¢)77,

1.11 x 1072 km~".

1

100

= 0.80 x 1073(%,)7", 8=0.96 x 1073(%)7],




50% between the sea surface and the ocean floor. The value of a given

at the bottom of Table A.1 represents a channel value for a.

The relative contributions of salt and (potential) temperature to

the stability of the ocean is introduced through the "Turner number" r,56

3S
~ ()
. \3z
t r = ;(—QIT . (A.4)
g 92/p
We are now in a position to combine Egs. (A.1-A.4) to obtain an
b expression for 3'1 %;__.- . Using the Brunt-Viisdld frequency,
2
N2(z) = %(%%)P , (A.5)
we find
e B -B¥@ vy (A.6)
where
ag
M= 3 1-r ) )
The sound speed channel axis is located where %%—vanishes, that is,
where
YA9)1/2 A
N(Zo) = —U_ . ( .3)

For exponentially stratified oceans,
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and s

2

1g o (A.10)
Z = x5! ny —— . R
0 2 YAg

t: For a ‘'surface extrapolated" value of N(0) = NO =3 h'1, B =1.3 km . @ 1
and v, = 1.14 x 10—2 km'] (1 km of seawater exerts 99 hars of nressure),

=, a8 .
= 1.1 131 b *
ZO— . 6km+§8 n—1—_——r—— R (A.H)

which is generally about the same size as B.

If we define the dimensionless variables, -®

A=2 SE:EQ& (A.12)

and

=8y (A.13)

o
r-. ) 4
the Munk sound speed profile is found to be RS
e =Y
LT
—_ — A T o
c(z) = c(z,) exp[?(;+e ‘-1)] , (A.14) o
. 1
or, for smali ¢, e j
e(z) = Sz )1 + slawe1) + 0(22H)] (4.15) .
102 RBCRRRR
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APPENDIX 8

We write our three-dimensional particle velocity due to internal

4,25 °

waves g4=(u,v,w). In keeping with standard notation, u is not the

magnitude of Uis but rather its x component. Thus

T ap—— e
- T T T
1

[




Similari,

920 ap 820
175/ o> g i
+ o ) - - . (8.7)
% 3x2 \Po 22 % \ 3x
Now
1 “04 _ 3y
o TRt (£ru;) (8.8)
and
i.&: - ’a—v—" (fo')
oy Y x ==’y (8.9)
Using the incompressibility condition (B.5),
v, 2 .
5 P+ P by) - 5z [ (Pup) L
2 2 30
S92+ 2 O-i+l_._.9[,§_.a_\l_w (fxu.)
™u °
% <—;2 S}’Z o, 02 |3t 3z i . )
3 ) R
* 57 (f_"iﬂz] =0 (3.10) . ]
. o4
We now define the vorticity £, )
g = Txu, (B.11)
104
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~

fru) = - (0 + e [x(x(Euy))]

This Tast term involves

2x[ox(fxu;)] = R(E- D)V - F(£ - 7)

Thus

For N%>>q%/c2,
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Thus, differentiating (B.15

.15) with respect to time and employini -he
incompressibility condition (B.5), ’
2 2 2 3¢ d
82 (VZW) + NZ(Z) (—7 + _Q_z.)w + -1:. v Btz
ot ax~ 3y
2 2 2 o
=..N_i_zl 3_.3_V".+f_.3£+ (fxu,) (8.17) _

The vorticity equation, which is the curl of equations (B.1),
(B.2), and (B.3) added together, is

Ny
ol P9 .
a_-t-z - 7 x (_f_xl_l_,l) +Vx<__1_ Z) (8.18)
° e
and, since ”ki
v x (_f_xg]) = - (f'v)E_'[ ’ (B.]g)
we have
2 2 2
] (Vzw) + Nz(z) < COURPR )w +-(f-v)2w
2 2 0:9 :L;{:L_;f:
- _ N (2) 3¢ aw . id A S
9 [;Z T (V " g Z)
.9
2 ﬁi;';f
te (£9y + 3553 (f_"gi)z (B.20) T
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APPENDIX C B
Much of the following discussion of Markov processes comes from

Ludwig Arno1d's9 marvelously lucid book and from lecture notes given by
57

Werner Horsthemke. More mathematical detail than is given in the
discussion here may be found in these references.

The Markov property of stochastic dynamic systems says that "“if
the state of a system at a particular time s (the present) is known, L
additional information regarding the behavior of the system at times t<s
(the past) has no effect on our knowledge of the orobable develonment
of the System at t>s (the future)".® o

As an illustration, let us consider a discrete system, a machine
which at the touch of a button chooses at random an integer from the
closed interval [0,9]. This machine's inner workings will act so that ;:i;ff__
the probability of getting any particular integer at the next oush of .
the button depends only on what the last number was, and not on any of
the numbers given before that. For example, say I have pushed the - .
button three times at times t1, t2’ and t3 with the resulting sequence

(9,4,6). Now, knowing that the last value was 6, the probability of

getting a 7 is, say, 30%. That is, . ®
Let us also say that (C.1) would have also been true if my orevious

trials had given (1,2,6), (8,5,6) or any sequence ending in 6. Then,

our machine has the Markov property.
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As an example of a non-Markovian system, let us say that in order

to get a 7 after a 6, it is necessary to get a 5 before the 6 and,

ii having gotten this 5-6 combination, I still have a 30% chance of getting
¢ 7. Then

n.3 (C.2)

: P(7,t41(6,t5),(5.t,))

and, tor example,

P(7,t4|(6,t3),(8,t2)) 0.0 . (€.3)

It is pretty hard to get a 7 after a 6 in this system! But the lack of
the Markov property is clear; knowledge of the past improves our
prediction for the future. (Note: We do not consider the so-called .9

"higher-order Markovian systems" to be true Markov processes.)

Notice that it is not necessary for each trial to be totally ii;;;;fj

(statistically) independent of all of the others for the system to be :f; :;:

Markov. The Markov property simply states that qiven a set of trials Qﬁ*ﬁfif

and outcomes, ((xn’tn)’(xn—1’tn-1)""’(xl’t1))’

P(xn+1’tn+1‘(Xn’tn)’(xn-l’tn-1)""’(x1’t1))= P<Xn+1’tn+1!xn’tn) ’

P(Xp417the1 1 Xpoty,) i called the "transition probability”. ] °

The Markov property can also be true for continuous systems.

Since we are talking about stochastic systems, we must be more specific
about what is meant by "continuous", and that necessitates the concept _;

of a "transition probability density”. Consider a one-dimensional
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system. If we know the transition probability P(B,t|x,s) that the
system will be in some interval B at time t if it is in state x at
time s<t, the “transition probability density" p(b,t|x,s)(if it exists)

is defined by

P(B,t]x,s) =[db p(b.rix,s) . (c.5)
B

We shall be concerned with systems that are continuous "almost surely":

lim = 1 S_[ dyp(y,t|x,s) = 0 . (C.6)
tis
| y-x |>€

That is, as the length of time between measurements decreases to zero,
the probability of finding the system in states separated by some
difference € goes to zero more quickly than (t-s), no matter how small e
is. We are finally in a position to define a Markov diffusion nrocess.
A Markov diffusion process is an almost surely continuous Markov process

where the "drift" f(x,s) and "diffusion” gz(x,s), given by

f(x,s) = lim ¢ ‘ SJ dy (y-x) p(y.t{x.s) (c.7)
tis ‘ y-x |<€

gz(x,s) = lim ¢ ‘ SI dy (y-x)? p(y,t]x,s) , (c.8)
t*s 'y‘Xl\<€

109

g

. - L)

‘ e

- ‘ .‘A .' =N

DEREIE |

e

R ) 1

- - 4

. 1

. .

'

N

Kl

1

1

P

.o

C. - ..‘

SRR

SRS

- ) |

-2 .

. o

e

. i

. <4

L.

S .-_-.1

-9 .
®




...............

A
.

Ve e
~ Y
A
e
PN
S

exist. In many cases of interest, such as the cases we consider, the
cutoff ¢ can be extended to the entire range of y.

The importance of these processes lies in that, since our system
is a Markov diffusion process, we can immediately write a (backward)
propagation equation for the moments. Often, as in the cases we

shall consider, we can immediately write a (forward) propagation

equation for the transition probability density, or "Fokker-Planck"

equation:
2 « z
dplystlxss) <L 2 f(y,t) nly,tixs) + % ) g2(yat) ply,tlx,s)
= dt dy z 32
‘ (C.9)
iil Now the reason our system is called a "diffusion process" is clear from

the form of the Fokker-Planck equation, which is that characteristic of
deterministic diffusion equations.

*II More general treatment of these concepts can be found in excellent
X

.53 9 59 1In

books by Stratonovic Arnold,” or Horsthemke and Lefever.
particular, we shall need the Fokker-Planck equation analoqous to

p, Eq. (C.9) for a system involving several coupled processes (the acoustic
:ff normal modes). Kohler and Papam’co]aou8 have shown the usefulness of

. the theory in acoustics and we shall apply it to the special case of

FP acoustic propagation through a field of internal wave-induced sound

speed fluctuations.
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APPENDIX D hd

In terms of the components of A, Eq. (5.28) becomes

oA olB B0 |y (T (3 i
o = }rm ;r-z I dsj dt {<Vnm(t)vn.m.(s)> BRI
nm "% % KRR
n'm' ° 4
s 3 3 a
ﬁ X [E)Km. AnGn'm - ﬂ; Bﬁm. AnAn']

* * 3 * 3 3 L
+ <Vnm(t)vnlml(s)> [’B‘Rm;:' Anénlm -~ aA W AnAnn]

3*
3

+<V

* 3 3 *
m( Ve (81> 51 e A

* 3 3 * * *,
VROV (5)> Wﬁm—'AnAn.} D(AA 1ol o)) . (0.1)

with p(R,A%0, [A)ATic,) = 6(A-Ag)8(A™-AT) .

To get a propagation equation for <Ak> , we multiply (D.1) by Ak

and integrate over A and A*. Integration by parts gives us

. d<Ak> 1 00+T 5
mn o 00
m'n' (D.2)

m




From Eq. (5.14)

<V (B e (8)> = f dzf dz'e (z)¢, (Z)d: (2" )o (2')

2
knkmkn km'

Vo lpr) Sclt,z)sc(s,z')> k)t ilkpeskpds . (0.3)

B(2)S(2")

x plz

{f s and t are in the same direction, i.e., the line connecting source

and receiver,

' 2 2 2 1
<6C(_t_,2)55_6(?;2 )> %(L&) <g2(o)> Nof N zl): (z')

c(z)c(z

n/2  (N(n) a 2 2\/? .
f def dof dh = 2(7 fg) cos (a gX(2)) excos8(t=s)
f

-0 o+ o Q

0
(D.4)

: Nz( ) - 1/2
wheren=—2-(z+z'), g=lz-2'], X = —3-”——2—— and the other

quantities are defined in Chapter 3.

Let Akfkm-kn, Ak2=km.-kn,. Consider

0 +T 3 i (acos@+Ak] Yt i (Akz-acose)s
I =J dsj dt e €
o)

0 0
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. i(ak,+2k,)T
(akprak,)og (4T )

! (Ak]+Ak2)

1
(occose+Ak]7

=-€

i(Akz-acosa)T
e -1

0 {acosB+ak,]{ak,-acoss) (D.5)

j (Ak]+Ak2)0

+ e

Now we consider the o integration. Because of the operation lim 1/T,

T4
only terms which vary at least linearly with T will survive. Hence,
we exhibit only results of the o integration which meet that criterion.

From Eq. (D.5), I consists of two terms. Consider the first

o integration,

(ei(Ak1+Ak2)T ) 1)

. e1(Ak]+Ak2)oof°°da o, cos(agX)
1 (Ak]+Ak2) . (OL +0L*) (ncosB+A k1)
.; (D.6)
Z;E The only way that I can be pronortional to T is if Ak]=-Ak2. Thus
R i Oy _ o
g I = - iTj 7 coslag K2 5 (ak +ak,) (0.7)
: oo o Fog 1 ) <8
) (o + 2ke)eo
:: Ak
- Note that the pole at o = - Cosg 2ppears to Tie on the real axis.
.
2 However, the quantity Ak] will have a small imaginary part if the ocean
i: is slightly absorptive. We will use this imaginary part to 1ift the
:% pole off the real axis and then, after evaluating the integral, let
)
5 this imaginary part qo to zeroc. Since Ak1=km-kn, Ak] will lie in the
) 113
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l fourth quadrant of the complex plane for n>m and in the second quadrant

of the complex plane for n<m.M Thus,

i iAK -a 22X *eiAk]chose

] e + o
I-I = '6(/.Ak]+Ak2)TTT

cosh

J
4 w

t s n<m (D'g)

2

2 2
(a cos o+0k] )

. -a X 2 -18k,X 2/coss
. . *
: 14k e e ! cosel, m>m . (p.0)
(o cos“e+Ak])
. * J
X
- The second o integration is
- . - i(ak,-0cos8)T
a 1. = _e1(AkJ+Ak2)Oo do o, cos(cx?x)(e 2 -])
‘ ’ 2 &K Ak (9.19)
-wcose(a2+u2>a+ 1>a_ 2)
- Tk cos8 cos6
i The only way (D.10) can be proportional to T is for the integral to
contain a double pole; i.e., Ak1=-.'\k2.
Now we see a problem. In Eq. (D.19) the quantity X(?) varies from
3 zero to infinity before we take our limit T-~. We would like to
evaluate 12 by contour integration and the relative sizes of Tcosd
and 2X will make a difference in the way we close our contours. Thus,
> we must consider Eq. (D.4) in order to estimate the 7 integration
between ;; cosH and Xoo,
) .o
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P T S —— " S Sy e = g V™

N. a*(Q) (02-f2)1/2
an >\ " -~ N coskx?X(Q))
) f (& +a¥) N
i
o 1/2
a, (X)) -2 2 .
= dx —s (2(x) ") cos(a 2X) X . (D.11)
( 2. 2 3 aX
o a +a*) Q7 (X)
|
a
Define
1/2
© a (X) 200y g2 \
) Rem = [ dX 5 *2 (2 (E%ff ) cos(a 2X) %% s (D.12)
' JTcose (oz +OL*(X)) Q7 (x)
7
p—
| ® 2 2,2
R Rem < J dx —tW 'zf) X . (0.13)
. Tcoss (N2+X2f2) (N2t2+a2X2)
7
i For f<<N but not zero, we have for nonzero =
> . .
> Rem <, —5z 4 , (D.14)
- 4" f Tcose
: and for a=0
! 2
N 2
'4 < N 7
RemNW Tcosa (D.]S)
i Since 4 can be no larger than the depth of the ocean, the remainder Rem
is definitely small except in the region of 2==/2. Z}jﬁl x
RIS
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Let us define a small quantity 2 such that Tcos' - 7.X fcr
0<8<7/2-8 and er>Tcose for w/2-8<9<n/2.

Then, dropping the terms independent of T,

12c084T

/2 iAkZT m/2-5 b 1, e cosbL;x)
. de 12 = -r%Ak]+Ak2) e d9 do X

2
0 - C0529(12+a3)(u + cosl)

; : /2 % a*(ei“( 7 X-Tcos8) | ,-iaf ?X+Tcose))
e +-2-j deI da 5 : (0.76)
- g e , ak
: n/2-5 (asz)(a R Co;e) cos2
and
) Ak ?X)
1 f’ﬁ/z ( ) J'TT/Z'T COS*.‘COS(COT
+ dol, = 2m&(ak,+ok 4° _
T o 2 1 2 o (‘AiCOSZ:‘*".k%)
+ofg) + 0(-——7TX6) : (9.17)

He may therefore neglect the remainder term for very small -,
Physically, we expect this. The integration orocedure combinad with
the 1imit on T picks out of the internal wave soectrum those radial
wave number components (components in the direction of acoustic

7xs

propagation) equal to |km-kn|. By neglecting the term O( 7 ) we say

that internal waves traveling in a direction orthogonal to the Adirection

of acoustic propagation do not cause scattering of energy among the
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acoustic depth modes. That is, the probability of finding internal j d,.‘

waves with infinite wave number is zero.

If we impose the condition that acoustic eigenvalues k along with

their sums and differences exist uniquely, then ®

G(Ak]+Ak2) =4 (D.18)

&
nm' “mn

and

d<A >
: k - ] 3
+ “do TE(amk- bmk)<Ak> ’ (0.19)
A € m ®
[ where
8 (WP .2 G | o
S = (g) <z%(0)> N f o & J- dz.[ dz'o(z)o(z" )¢, (2}, (2) . ®
0 0 .
1/2
2 2, N(n) 2 2
' : N™(z)N"(z") (2°-f7)
x ¢ (z2')o,(2") f d2 g
m k Eez;)EQ(z')N(n) £ ) *
(k_-k.) 2X(2
m/2 cosecos[~11—li—2i—£-ﬂ S
>J 48 s cos® - , (D.20) . e
o [a:cos a+(k -k, ) ] R
and fi;f
- \.

{ 8 uf 2 4
. = —_ r ' &
0

s

M MK 3
L

L-

k-




" —— ey LB M S gt Bvene - . - N0 A _t_*}_ A v'_. -rv :1

o e
2 '_A_'--‘ ~0d
- e
| g e

Rl (" )T

d..b
EZ(Z)EZ(Z')N(W) P Q3

(D.21)

-n 32X (k_-k, )} 2X
n/2 %7 . [ m ¥k’ ? ]}
f e [(km'kk) e T *ocos8sin{ oo
0

2 2
[a*cose+(km-kk) ]

Cauation (D.19) has the solution

-0
9 0

)
<Ak(;%)> = exp [-Ak ——2—-—'] <Ak(;‘g‘)> ’

€

(D.22)

where

A =z (a_ -ib ) (D.23)

m

note that even with the oscillatory terms amk>0 and is symmetric inm

and k while bmk is antisymmetric in m and k. Note also that Ak is

independent of Gy
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k!] APPENDIX € ¢
b .

Consider

2 sinf3 (ag+ag")] ¢ em 2m
[2 ] [ da [ dq)J d@'P(~,";n) ms(;xfx)
0 0

(Aq+eq*) . S
S4TLg -0 ®

i
X e

(Age+aq'e )euocosw o~ 1itcose _ (E.1)

Since 2q, Aq' are integers, the expression (E.1) is equal to

3 sin[5 (3q+aa')] (= e
= j dx { do } de'P(x,2;n) cos(xgX) e
(Aq+2q") lo 70 0 e

ixscosy -ixtcose’

x e cos(ra@) e cos(Aaq'e') . (E.2)

Now

/2
J do @179C03%9 coqr 0 =J 40 e YO (4o (1np)
o) [¢]

+] do ol 17COSY cos(.qe) . (£.3)
~/2

In the second inteqral, let @-~--¢, so °
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"o

Y~
a0 m/ iaocos L
f do &' 27 cos(age) = f do &' *%? cos(nqe)
. ; L':‘_:’:.';.
o

/2 :
+ cos(Aqn)-j- dp e 1%9C0%? o5 (aqe) . (E.4)
0
. o . o
If we perform similar manipulations with the ¢' inteqgral,
8 sin[ X (ag+aq")] fe  m/2 /? .
[2 ]J daj dtp‘[ﬁv do' P(a,2;n) cos (o 2 X) -0
(Ag+aq*) e Jo b
x [§1aocosw cos(Aqe) + cos(Aqm) e~ 100COSP cos(Aq¢)] ‘f.
% [e—iatCOS(p' COS(Aq|(pI) + COS(AQ'N) ei(ltCOSqD COS(AQ'(P')] . _"\'

(E.5)

Since P(a,023n) cos(o 2X)is even in a, the integration over o will have
nonzero contribution only if Aq and Aq' are both even or both odd.
However, if they are not also equal in magnitude and ooposite in sian,

the sine term will vanish. Thus,

AqQ = -Aq' (E.6) )

and
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) 2m
s1n[-2- (Aq+Aq’ ]f datf d(Pf do' P(a,23n) cos(a2X)

(aq+aq')

i(agp+ag'e') eiaocosw e-htcos:p' =

x e

o 27 2w o
5(Aq+Aq')f dc‘f d(pf o' P(a,23n) cos(azX) :
-00 0 0

. 1 : . ' o
y emq((p-rp) oioocose intcose . °
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APPENDIX F ®

Consider the expression

) 00+T S o in( . g
Tim TI de dtJ doP(o,23n) cos(agX) g '215COSP-1COS¢
% 05

t 4o
o
itkys itkyt a0 203 (F.1)
x @ e exp 175— exp i'Tt'
"o
® a +T ] ®
. 1] ° :
=z Tim ff dsf dtf doP(a,;n) cos(ayx) -
J-=O T|°° 00 00 -00 .
9.
- . Co 2 2\J e
iascosy -iatcose 1(Ak1s+Ak2t) 1 (2Qy a0, TN
x e e e — \ == + RS
I
(F.2)
The j=1 term is L
o
}Ln: JT—J' doP (0,23n) cos(a 2 .‘-'-_'.-;i_'
.
oo+t s is(akq+acose) it(Ak,-acose') AQZ A02
1 2 1 2
x ds dt e e NIE + It
(F.3) °
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. = _’ll_im ;—TI daP(a,2;n) cos(a 2X)
- 4o - e
__>." "‘;l‘a:#
N ’ N ‘
- 2 2 .
. AQ AQ ]

t’. x ! - 2 [ Ei [1‘ (00+T) (Ak]+Ak2+a[cos¢-cos¢' ] )]
i(Akz-acos<p') i (Akq+acose) .
F ¢

-Ei[‘ico(Ak]+Ak2+a[cosw-COS€P'])]}
3 . . :
AQ2 i(aky-0cose' )0, ' )
e e
- {E1T1(0,+7) (2kyacos0)] - £4 [0, (ak;+acose) 1} no ]
21 (ak,-acose') ]
——\-:'--——-4 :*'
e
2 i(ak *acoso) (0 +T) el
A5 e
v 2 {Ei[i(oo+T)(Ak9-acoscp')] - Ei[ico(Akz-qcoscp')]}]
2i (Ak1+acos<p) -

(F.4)
Tn T 1 SR
< o( L) + o(f) , (F.5) . |
since ‘
a* '| e . ;
——— cos(az X} € — : (F.6) e
‘u,z + a% ? = Oy :
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Thus, in taking the limit T4», the j=1 term and, similarly, the j22

terms vanish as long as AQ? and AQg are finite.
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APPEMNDIX G

From Eq. (6.22) and the results of Appendix F,

*
d<A A ,..> *
kik'i'"" L oqim ] .
do }12 Tz [ 4y Pnqhir 37 8ptq-pra o kp 3%
mong
rnlplnuql

*
- Ly <Ashg™ Smn3ntk 8ot 5+ 5p" La-pia

+ <A *| |> : 1,0 1et ' )
j3 nqAn q 6mk‘SpJGm k 69 J 6p »q'-q+p

x
+'Z)4<'L\n'q'Anq>‘Smk'épj'6rr1'l<‘5:>'j6r:' »q' =q+p ] . (6.1)

We will consider each of the .fi's in turn.

2 ,
4 N f<zo(0)> (27 2r o (H
4 = (;4 (_3_)2_9_ f dwj d~P'j dzj dz'o(z)o(z")
g /kmknkm.kn. 0 0 0 0

x o, (2)8(2)0n (2" )00 (2") ==




T T TTT——————. . e - e e S SOLEN RN S S i e e e -

o s : : ' ) '
3 J °+TdsJ' dt ol (P-a)W Li(0'-q")¥
o C

i(k -k )s ik .-k )t '
< e (kp=kn) 0 (ke = ) e1a_(scos¢-tcos¢) . (6.2)

Again we see the operator evaluated in Appendix D and

i l * =
}LTT m;q [1<Anqu'J"> °p*,g-p+q* ‘' k%p* 3°mn*pq
mlplnlql

1 . *
- ?z (8 0me) <A AR > (6.3)
m

The second term is the complex conjugate of the first with an exchange
of indices (k,j)«(k',j'):
*

.1
Hm g 2 [2<AnquJ>‘Smn"qu"sm'k‘ép'j'Gp',q-p+q' =
T4oo mpnq

mlp'n'ql

1 . . *
- :2-2 (agr* T ) <Y g™ (G.4)
m
Calculation of the third term is a bit trickier:

< * .> : 1t 12 ) 1 =
mpng '[3 AnqAn'q ‘Smk‘spJém k dp J ‘Sp »q'-q+p

' mnpnnoqu

]

e

e
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(z)(bk(z) l(Z.)¢kl(Z' n)dq °°d ( X)
X § cos
ARkk ok, @(2)E (2 N(n) ff L, Ty

1/2 o Cra
. (Qz-fé) Y J(’o+T dsjsdt -l -i(3-q" )

n e1'<an(scos«3-'ccos¢a' )

<AnqAr:'q'> ‘Sj'-j,q'-q

(6.5) i

A similar term is obtained for the fourth term. It is here that

excitation of the azimuthal modes is explicit. Even if only the o

azimuthally symmetric mode is initially nonzero, all of the other _j‘

azimuthal modes are excited as long as j-j' is zero. This null o B
difference between j and j' is maintained throughout the entire field ¢ 1
of propagation and the expression for < lo|2>. for example, becomes o
BRI
<lplz = wlo zz :iﬁilﬁﬁ_!__ s (2)o (2") e ]

EALY

PR " . -' o - . P
] . PAEES
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That is, for an azimuthally symmetric source, the different azimuthal

modes are uncorrelated to first order in €.

After much manipulation, we find that

*
d <A AL
ki k 1 [ . ] ]
do ;2'2 ke ) T (bp-bpy) <AkJAk j

72 L (<Aqum.q <\m.quq>) , (6.7)
mm’

q

where the sums over m and m' are restricted such that Ekk-hnhs{kk.—km.f

and that (kk.-km.) has the same sign as (kk'km)' The quantities

i .
dgﬂm'k' are given by
? - 4 H(2)6 (208, (2)0, 1 (2')
qJ o 16w (u\ 2 k k
I dmkmuko = ‘T (6) N0f< I dZJ- dz' k k v
k k'
' 2 \ N(n) 2 2.1/2 o
N (z)N(z") f (2°-F9) 1
» x p(z)o(z") an a °
E(2)T (2" N(n) £ N 1
: /2 RYLIAL
}j x J~ dycoswcos[ (j-qw] cos}(j-q)cos (E;—:f—-cos¢> : ‘
0 ' ml O
Kook SR
(*kcﬁ‘ ?X) SR
. x CO0S 5 5 . (G.8) e
, (a*cos 0+ (kiok 1) ) o ]
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I The expression (G.7) is prohibitively difficult to calculate since
the d;i](m'k' terms would have to be evaluated r‘14(2!_+1)2 times “n order
to specify the propagation of each <Aij:.j> term. However, much
. information can be obtained about energy transfer without actually
solving for each <Ak Ak'J From Eq. (G.6), we see that <|p[2>
(and also < j>) contains terms
;
=z <A 12 (6.9)
| k3’ ' '
. j
[ 2
If we sum Eq. (G.7) over j we find that
i dw 5
= —Z-Z ag (W, ) (6.10)
€ m
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APPENDIX H

Evaluation of the Frequency Integral

Using partial fractions,

1 ) 1 e [ 1 ]
. . 2 v i v B
L (038) (D) (@B P (@) L)

(H.1)

* So,
o ) Xcos(6X) . 1 [ . X cos(5x)
g fodx 2,25 2 2 (07-K2)fdx 2,27
- (X“+K™) (x7+Q7) o (XTHKT)

b . 1 j dax X.cos(GX) _ 1 — J’ gx X_cos(GX) . (H.2)
(0%-k%) o (028 S (XKD

- (x+a%)
[
h We integrate the first term by parts. Then, with the help of Gradshteyn
and Ryzhik,60’6]
o % 3 -
~ I ax —XeosBX)__ . 1.5 [ Ei(ek) - &% Ei(-6K]]
-
o
i‘ + L [e 8 Ei(ok) + e £i(-0K)] v
2(Q%-K?) >
2
l -GQ . 6Q .. .
Jp —— [e780 ei(eq) + % Ei(-60)] . (H.3) J
2(Q°-x%) o
'.:.. . ".A t;
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PPy

e

r

b For G+0, (H.3) becomes ®
B j dx )25 S Lo (nk-1n0) . (H4) e

Contour Evaluation of the Integral when G=0
-_n The integral of interest is ®
I, = | dx X : (H.5)

{ ! 2,2\ 2,2
Jo o (%) 0%?) .
b
g Consider instead the integral

T e
=P dzg — 202 : (H.6)
2 2% 2 2 L
(2°+K") (2°40%) NN
where we choose the contour as in Fig, 8. Thus, e T
o] 0 2 .
I = dr rinr + dr r{In r + 27i) . (H.7)
2 2. 2.8 2 9 2,22 2 9
0 (ro4K®) (ro+Q%) = (ro+K®) (r°+Q%) °
The In r terms cancel and, since
- 27ily = 2ri 3 Residues (I,) (H.c, °

the result (H.4) follows immediately upon evaluating the residues of 12.
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